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ABSTRACT

Square sum prime labeling of a graph is the labeling of the vertices with {0,1,2------- ,p-1} and the edges with sum of the
squares of the labels of the incident vertices. The greatest common incidence number of a vertex (gcin) of degree greater than
one is defined as the greatest common divisor of the labels of the incident edges. If the gcin of each vertex of degree greater
than one is one, then the graph admits square sum prime labeling. Here we identify some path related graphs for square sum
prime labeling.
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1.INTRODUCTION

All graphs in this paper are simple, finite, connected and undirected. The symbol V(G) and E(G) denotes the vertex set
and edge set of a graph G. The graph whose cardinality of the vertex set is called the order of G, denoted by p and the
cardinality of the edge set is called the size of the graph G, denoted by q. A graph with p vertices and g edges is called
a (p,q)- graph.

A graph labeling is an assignment of integers to the vertices or edges. Some basic notations and definitions are taken
from [2],[3] and [4] . Some basic concepts are taken from [1] and [2]. The square sum labeling was defined by V
Ajitha, S Arumugan and K A Germina in [5]. In this paper we introduced square sum prime labeling using the concept
greatest common incidence number of a vertex. We proved that some path related graphs admit square sum prime
labeling.

Definition: 1.1 Let G be a graph with p vertices and g edges. The greatest common incidence number (gcin) of a vertex
of degree greater than or equal to 2, is the greatest common divisor (gcd) of the labels of the incident edges.

2.MAIN RESULTS

Definition 2.1 Let G = (V, E) be a graph with p vertices and q edges. Define a bijection

f:V(G) = {0.1.2.3,-=-=--—==m-=- p-1} by f{vj) = i—1 , for every i from 1 to p and defme a 1-1 mapping foos), -
E(G) — set of natural numbers N by fo o, (uv) = {f(w)}* + {f(v)}* . The induced function fsqsp 18 said to be a
square sum prime labeling, if for each vertex of degree at least 2. the gein is 1.

Definition 2.2 A graph which admits square sum prime labeling is called a square sum prime graph.

Theorem 2.1 Path graph P, admits square sum prime labeling.

Proof: Let G=P, and let vi.Vy,-==mmmmmmmmmeens vy are the vertices of G
Here [V(G) =n and E(G) =n-1
Define a function f:V — {0,1,2.3,-~---=-memmeemm .n-11} by

f(vi) =i-1.1=1.2,----- .n
Clearly f is a bijection.
For the vertex labeling £, the induced edge labeling £, is defined as follows

fs?}sp('pi Vigq) =212 -2i+1,

1=1,2,----mm- -1
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Clearly [y, 1s an injection. . .
gein of (Vi) = ged of {f5gsp (Vi Viv1): [sgsp (Vis1 Vis2) }
= ged of { 212421+1, 2i°-2i+1}
= ged of {4, 21%-2i+11,
=ged of {i, 2i*-2i+1} =1, ST e S — n-2
So. gein of each vertex of degree greater than one is 1.
Hence P, . admits square sum prime labeling.

Theorem 2.2 (P,)* admits square sum prime labeling, when n is not a multiple of 5.

Proof: Let G = (P,)’ and let vy, Vy,-mommmmmmmmmeeee .V, are the vertices of G
Here [V(G) =n and E(G) =2n-3

Define a function f:V — {0,1.2.3 ~=mmmmmmmeanan -1} by
flvi)=1i-1,1=1,2,-==-- Ril

Clearly f1is a bijection.
For the vertex labeling f, the induced edge labeling f.,, is defined as follows
fgsp (Vs Vipg) = 212171 1=12 eee- -1
fogsp (Vg Vipp) = 20572 1=12 eee- -2
Clearly f...p is an injection.

Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f ., is defined as follows

fq}ﬁlcl' l’+‘_|_ = ‘—1__1—1_1 1=1_.2_. ---------- :Il—l
fqbﬁ [1’ ; +"’- = ._'1‘_.; i = ]._.2_. ———————————— ._11—2
Clearly f,;., 18 an injection.
geinof (Vi) = 1. =12 e n2
- LY _ M= 2 g = 2 a
gein of (vi) = ged of {figep (V1 V), fogsp (V1 v3)
=gedof {1.4}=1.
geinof (v,) = ged of {figsp (Vn Vn—1) - fogsp (Vn Vno2) }

= ged of {2n’-6n+5, 2nl-8n+10}
=ged of {2n-3, 2n?-8n+10} =1
=ged of {2n-5.n}=gcdof {n-5,n}
= ged of {n-5, 5}=1.

So, gein of each vertex of degree greater than one is 1.

Hence (P, )2, admits square sum prime labeling.

Theorem 2.3 Middle graph of path P, admits square sum prime labeling.

Proof: Let G= M(P,) andletv;vi---mmmmmmmmmmmm Vi are the vertices of G
Here |Vi(G)| = 2n-1 and [E(G)| = 3n-4

Define a function £ V—{0123 e v 2n-2 by
fiv)=11.i=12-—-- .2n-1

Clearly fisa b1jec110n.
For the vertex labeling f, the induced edge labeling f.,.,, is defined as follows

- AT = 7{1.7i+= i=17 -2
fsqsp(l': Vigq) = 212-2i+1, 1=1.2 e 2n-2
fasp (V21 Vai42) = 8i2+2, T O — n-2

Clearly qu is an injection.
geinof (Vi) = 1. 1=12 e 2n-3

So, gein of each vertex of degree greater than one is 1.
Hence M(P,), admits square sum prime labeling.
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Theorem 2.4 Total graph of path P, admits square sum prime labeling, when n+2 is not a multiple of 5.

Proof: Let G= T(P,) andletv,vi--mmmmmo ¥3 , are the vertices of G

Here [V(G)| = 2n-1 and [E(G)| = 4n 5

Define a function £:V—={0123 -ccmmeemeeeev. JIn-2 } by

fiv,)=1-1.1=12,---- 2n-1

Clearly fisa bijection.
For the vertex labeling I, the induced edge labeling f;.,, is defined as follows

frnep (U Vi) = 2i2-2§%1, f=12 eeee 2n-2
f;;;p (Vo; Vai40) = 8i2+2, i=12 - -2
feqsp (V2121 V2i11) = 8il-8i+4_ 1=12 - n-1
Clearly fiysp 18 an injection.
gein of (Vi) =1. i=12 - 2n-3
gein of (vy) = ged of {fgep (1 V2) . fagsp (V1 v3) §
=ged of {1, 4}
geinof (Vi) = ged of qu}.,(l,a, 3 Van—1) s fogen (Van—1 Van—2) }

ged of {8n2-24n+20, 8n2-20n+13},

ged of {4n-7, 811-—..4n—"0}
=ged of {4n-7, 2n-1}=gc d of {2n-6, 2n-1},
=ged of {2n-6.5}=1.

So, gein of each vertex of degree greater than one is 1.

Hence T(P,), admits square sum prime labeling.

Theorem 2.5 Duplicate graph of path P, admits sum square prime labeling.

Proof: Let G= D(P,) andletv vy --—moeme Vi, are the vertices of G
Here [V(G)| = 2n and [E(G)| = 2n-2

Define a function £:V— {0123 ——ccomee - 2n-1} by
flvg=1-1,i=12.---- .2n

Clearly fis a bijection.
For the vertex labeling f, the induced edge labeling f7_, is defined as follows

feqen (Vs Visq) = 2i2-2i+1, 1=12 e -1
Fease (Pras Visgen) = (n+1)? ~(n+i-1)%, i= 1_.2 ------------ -1
Clearly f;;,, is an injection.
gein of (vie -_'_. = 1, i=12 e n-2
geinof (V) = 1. i=12 e n-2
S0, gein of each vertex of degree greater than one is 1.
Hence D(P,). admits square sum prime labeling.
Theorem 2.6 Strong Shadow graph of path P, admits square sum prime labeling.
Proof: Let G= S{D:(P,) andlet v, vy ---mmmmmmmmemmeo Vi, are the vertices of G
Here Vi(G)| = 2n and [E(G)| = 5n-4.
Define a function £ V—={0123 e 2n-1} by
flv)=1i-1_1i=12 - 2n.
Clearly fisa bijection.
For the vertex labeling f. the induced edge labeling f;.,, is defined as follows
Jeqen (Vi Vig1) = 2{3-2i+1, i=12 - J2n-1.
Jeqew (Va2i V2i42) = Bi1+2. i=12 - -1
feqsn (Vai—1 Vae1) = Bil-8i+4, i=12 - .n-1
Jeqep (Vaio1 Vae2) = B8i1-4i+5 i=12 - -1
Clearly qu is an injection.
geinof (v = 1. i=12 e 2n-2
gein of(v-_') = ged of { figep (V1 v2) . figep (V1 v3) }
=gedof {1,4}=1
gein of (v2,) = 50d Of { figep (Van Vano1)-fogsp (Vo Vanoz)- figsp (Van V2n3))

= ged of { 8ni-12n~+ 811 -160-10, 811——“011 17}
So, gein of each vertex of degree greater than one is 1_
Hence T(P,), admits square sum prime labeling.
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Theorem 2.7 Z graph of path P, admits square sum prime labeling, when n is even.
Proof: Let G= Z(P,) andletvy vy ----mommmmmmm .V, are the vertices of G
Here W(G)| =2n and [E(G)| = 3n-3.
Define a function £:V— {0123 ——ceeeeee - 2n-1} by
fv)=i-1.1=12.--2n

Clearly fis a bijection.
For the vertex labeling I the induced edge labeling f ., is defined as follows

Jfeasp (Vs Vig1) = 2i2-2i+1, e W J— 2n-1.
n_z
= 1 1 3 = M1I_741+— — 2 -
Jf;qsp (Vai—z Vaspe) = 3212-24i-9, 1=1.2 oo =
el
= 2 2 3 — B TP = - B Hp— 2 -
f;qsp(“'—’-l: Vygvz) = 321%+8i+5, 1=1.2 - mmmee S
Clearly fi,., is an injection.
geinof (vig) = 1,
1=12 - In-2

So, gein of each vertex of.degree greater than one is 1.
Hence Z(P,), admits square sum prime labeling.
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