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Abstract
The objective of the pulp washing is to remove the soluble undesired products i.e. black liquor containing organic solids
(lignin), inorganic solids (Na, Mg, Ca and K ions). Removal of these undesired products reduces the consumption of chemicals
in subsequent sections, which in turn produce less pollutant. Ideally pulp should be washed using less amount of wash water
and with maximum removal of black liquor solids. To fulfill the aforesaid objective, the numerical solutions are obtained of the
displacement washing model for multistage in counter current manner and study the effect of various parameters on multistage
washing. For the numerical solution “pdepe” solver in MATLAB is applied on the axial domain of the system of governing
partial differential equations.
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1. INTRODUCTION
Pulp washing is a key unit operation in pulp and paper mills which significantly affects the economy as well as
the environment. A typical washing system in industry consists of three or four washers in counter flow
arrangement. Counter flow is an engineering technique where in two process streams interact as they move in
opposite directions. As applied to pulp washing this means a series of washers is set up with the final wash
being performed with clean water. The waste water from the last washer is then used to wash the stock in the
second from the last washer. Water from the second to last washer is used to wash stock in a third to last
washer and so on for the total number of washers used.
Majority of the investigators have followed either the linear or finite rate adsorption isotherm to correlate bulk
fluid concentration and the concentration of solute adsorbed on the particle surface to reduce the mathematical
complexities. [2] & [6] have followed the Langmuir adsorption isotherm to solve their model for single stage
washing. There are various other investigators who have contributed a large to the study of the washing of pulp
fibers [4], [7], [14], [15], [17], [18]. One common feature of the above authors is that all of them have worked
on wood pulp fibers either hardwood or softwood. No work available in the literature on multistage washing
except [19]. [19] described the cake washing process by the advection–dispersion equation presented by [3]
and developed a Fourier series solution method for solving a multistage countercurrent cake washing problem
by neglecting isotherm equation used in the washing model. The method is complex and time consuming so the
parametric study is not possible by this technique. In our earlier work [13] author successfully obtained the
solution for multistage washing model with nonlinear adsorption isotherm.
The effects of various parameters on performance of single stage brown stock washer in paper industry are
studied for different species of black liquor by some earlier researchers like [1], [2], [5], [9], [10], [11] & [12].
[5] studied the effects of dimensionless time, wash ratio, longitudinal dispersion coefficient, mass transfer
coefficient and cake porosity for sodium and lignin ion species of black liquor. [9] discussed the various
parametric effects with a view to analyze the performance of brown stock washer and interrelationship between
various parameters like fractional submergence, rpm, filtrate flow rate, cake thickness, inlet vat consistency and
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fiber production rate. [10] studied the parametric effect by modifying the range of the parameters used by [5]
using two different kinds of linear adsorption isotherms in the model for both sodium and lignin species. [1] &
[2] studied the parametric effect of various parameters like Peclet number, interstitial velocity, cake thickness,
bed porosity, reaction rate constants and distribution ratio on exit solute concentration. [11] & [12] studied the
effect of various parameters on the exit solute concentration by varying the range of parameters at mid cake
thickness as well as bed exit by using three linear adsorption isotherms for both sodium and lignin species using
pdepe solver in MATLAB source code for the solution of models for single stage washing. One common
feature of the above work is that all have studied the parametric effect for single stage washing to reduce the
mathematical complexities. The parametric study for the multistage washing system is very typical task. In the
present work, the effects of various parameters on performance of multistage brown stock washer in paper
industry are studied for the species of sodium. Therefore nonlinear Langmuir isotherm reported by [8] is used
to correlate the interfiber and intrafiber concentration. Thus for the effects of various parameters like, Peclet
number, kappa number and porosity on efficiency of multi-stage brown stoke washers are obtained by solving
the model 1 (Table 1) for four stage washing system with different values of the above parameters. The range
of Peclet number and porosity is used as reported by [10]. ¬ In order to achieve the above goal one needs data
such as; cake thickness, pulp pad consistencies and velocities through bed. In the absence of any reliable
industrial data, the data given by [5] has been used for the basis of simulation. The values of Langmuir
constants for various Kappa number reported by [8] is used for the solution of multistage for parametric study.

2. DESCRIPTION OF MATHEMATICAL MODELS FOR CAKE WASHING ZONE
Mathematical model for multistage pulp washing was successfully developed in our earlier work [13] with
respective boundary and initial conditions and are presented in Table 1. The transport equation for pulp
washing is given by the
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This is a non-homogeneous linear second order parabolic partial differential equation. Here u, εt and DL are
functions of z while c and n are the functions of both z and t. c and n are the concentration of the solute in the
liquor and in fiber.
2.1. Adsorption Isotherms
[8] used nonlinear Langmuir type adsorption isotherm to describe the relationship between the concentration of
the solute in the liquor and concentration of the solute on the fibers as:
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where A is the maximum amount of sorbed Na (mg Na/g pulp) and B is Langmuir constant and c is the
concentration of sodium in the surrounding liquor (mg/l) and n is the amount of sorbed Na (mg Na/ g pulp). In
the present investigation for sodium species, non linear Langmuir type adsorption isotherm given by (2) is used
for the solution of four stage countercurrent washing problem.
2.2. Initial and Boundary conditions
For the solution of washing models for multistage the initial condition is c (z, t) = n (z, t) = C0 for 0 < t < L/u,
where L/u corresponds to displacement time. Boundary conditions for Langmuir type isotherm are as follows:
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[16] give the boundary condition at the inlet of the bed
c  C s , at z = 0 and t > 0
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In the present investigation inlet boundary conditions given in (3) is used. The initial condition is C (Z, 0) = 1 = N (Z,
0) in dimensionless form. Thus possible model for pulp washing which is used for the parametric study is shown in
Table 1. (Dimensionless form)
2.3. Dimensionless models
The dimensionless form of the model is obtained by using certain dimensionless parameters like Peclet number (or
Bodenstein number), dimensionless time, dimensionless thickness and dimensionless concentrations given below:
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Thus the dimensionless form of the transport equation, adsorption isotherm and boundary conditions are present in
table 1.
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Table 1 Existing mathematical model for washing zone used in present investigation
(Dimensionless Form)
Transport Equation
Adsorption Isotherm
Boundary Conditions
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2.4. Steady state modeling for multistage washing process
In the present investigation a typical four stages counter current washing system is considered. A series of four washers
are set up for pulp washing with the final wash being performed with clean water. The steady state material balance
equations can be obtained for each washer, with the help of the Figure 1.
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Figure 1 Flow diagram of a counter current washing system with four drum washers
Steady state mass balance equations for washers and the steady state operational data were presented in [13]. Since the
data presented in [13] is for the total dissolved solid and the used Langmuir isotherm given in equation (2) is for
sodium. To find the concentration of sodium it can be assumed that dissolved material contains about 20% sodium.
Thus the data related to sodium concentration is obtained by taking 20% of the TDS and is presented in Table 2.
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Table 2: Data for sodium concentration by taking sodium as 20 % of TDS
Input Parameters

Washer 1

Washer 2

Washer 3

Washer 4

xi

3.118×104

1.458×104

5.24×103

1.92×103

3.118×104
(initial value)
1.4×104
3.0×104
2.024×104
3.0×104

1.41×104

5.6×103

2.0×103

5.0×103
1.4×104
7.54×103
1.4×104

1.8×103
5.0×103
3.16×103
5.0×103

0.0
1.8×103
6.0×102
1.8×103

(mgNa/l)

xi (Calculated) (mgNa/l)
xs
xf
xd
xr

(mgNa/l)
(mgNa/l)
(mgNa/l)
(mgNa/l)

Values of various other parameter given by [5] and algorithm to calculate approximate Peclect number for the
displacement zone for second and subsequent washers were also presented in [13] and are used in the present study.

3. Result and Discussion
In this investigation dimensionless bed depth as well as dimensionless time is divided into 21 equal parts and then the
influence of Z & T on C is estimated. The behavior of exit solute concentration with respect to time as well as variable
cake thickness are shown by (Input curve at Z = 0 to break through curves at Z = 1) 3-D graphs. The variations in the
dimensionless solute concentration with respect to dimensionless time as well as dimensionless cake thickness are
shown in the Figure 2 for model 1.

Figure 2. Solution of different stages (washers) for model-1
3.1 Analysis of Parametric Effects on Efficiency of Multistage Brown Stock Washers
The parametric effects of Peclet number, kappa number and porosity are shown by the C vs. T graphical representations
for exit as well as average solute concentration and the effects of dimensionless cake thickness and dimensionless time
are shown by C vs. Z & T profiles (3-D graphs) for the various values of parameters for sodium ion species.
3.2 Effects of Peclet number on exit and average solute concentration
The range of Peclet number from 20 to 110 is found to be valid for pulp washing as suggested by earlier investigators
including [5] and further modified by [10]. The effect of Peclet number is studied for the same range. To see the steady
state behavior of the curves some idle layer of the cake is considered and behaviour of the solution curve is also checked
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by increasing the dimensionless time from T = 1.0 to T = 2.0. The variation in the Peclet number is applied in the first
washer and the influence on C vs. T profiles is studied for all four washers. The Peclet number for the second and
subsequent washer is calculated as discuss previously in [13]. The effects of Peclet number on the exit dimensionless
solute concentration and average dimensionless solute concentration for all four washers are shown by Figure 3 to 6. In
the first washer, the stream of the curves start from C = 1.0, descending differently but however converge at T = 1.1
and again diverge from each other in topsy-turvy manner in exit dimensionless concentration. For Peclet number below
20 (say 10) more deviation in the profile of exit solute concentration is observed. The higher Peclet number shows the
less deviation in the shape of breakthrough curves as shown in the C-T profiles. Thus it can be concluded that effect of
Peclet number on exit concentration profile is more significant for low values of Peclet number. The deviation for Pe
=10 is maximum between T = 0.5 to T = 1.0, which continually decreases with increasing Peclet numbers. The Peclet
number has significant influence on dynamic behavior of exit and average solute concentration for washer 1 which
decreases continuously for washer 2 to 4 as shown from Figure 4 to Figure 7. This is due to the fact that range of
variation in Peclet number for first washer is from 10 to 110 for exit and average concentration profile, which reduces
in second washer from 20.78 to 22.57 for exit and 18.97 to 18.06 for average, for third washer from 20.692 to 21.054
for exit and 17.172 to 17.405 for average and for the fourth washer is from 20.469 to 20.546 for exit and 17.101 to
17.106 for average concentration profile for model 1.

Figure 3. Exit & Average C vs. T profile for various values of Pe of washer-1

Figure 4. Exit & Average C vs. T profile for various values of Pe of washer-2
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Figure 5. Exit & Average C vs. T profile for various values of Pe of washer-3

Figure 6. Exit & Average C vs. T profile for various values of Pe of washer-4
3.3. Effects of Kappa number on exit and average solute concentration
The Kappa number is an indication of the residual lignin content or bleachability of wood pulp. Although, it should be
noted that there is no general relationship between the Kappa number and the lignin content, and it depends on type of
raw material and delignification process. Neither pulp washing model equation nor Langmuir adsorption isotherm
contain any term related to kappa number. However it was observed by the previous researcher that Langmuir constants
depend on the kappa number. [5] reported a linear relationship, if c/n is plotted against c, if the isotherm is of
Langmuir type. It is, then easy to determine the Langmuir constants A and B from the intercept and slope of the
straight line. For the purpose four sample of pine sulphate pulp of different kappa number is used. Thus for the
parametric study of kappa number the data obtained by [8] (Table 3) is used in which Langmuir constants A and B is
obtained for four different pine sulphate pulps (pulp of different kappa numbers). The solution of the washing model is
obtained for all different values of the kappa number and C vs. T profile for exit and average dimensionless
concentration are shown by the Figure 7 to Figure 10 respectively. Varying the kappa number from 28 to 48 in the first
washer, a very small deviation observed in the C-T profiles for all washers which is negligible in the engineering
practice. If some imaginary layer of the cake is considered and solution is obtained by incresing the dimensionless time
from T = 1.0 to T = 2.0, the breakthrough curve reaches the steady state for all washers. It is also clear by the C vs. T
profile that the curve for the first washer is steady state at T = 1.5 while for other washer at T = 2.0.gm
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Table 3. Kappa Number for all four washers [8]

Figure 7 Exit & Average C vs. T profile for various values of K. No. of washer-1

Figure 8. Exit & Average C vs. T profile for various values of K. No. of washer-2

Figure 9. Exit & Average C vs. T profile for various values of K. No. of washer-3
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Figure 10. Exit & Average C vs. T profile for various values of K. No. of washer-4
3.4 Effects of porosity on exit and average solute concentration
Porosity is defined as the ratio of the volume available for flow to the total volume. Porosity of the mat is an important
factor as the hydrodynamics of the filtration is highly influenced by the porous path through which the fluid will move.
In the present case, porosity is based on the average consistency of the mat during the cake formation zone. The air
effect on the porosity has been neglected. Porosity of the pulp suspension varies from 0.1 to 0.99, but is always less
than 1. Longer range is considered to cover not only the entire range of suspension hebetated by the stock in the paper
making process in practice, but also to cover the porosity value of the flowing zone (0.7 to 0.85), stagnant zone (0.1 to
0.2) and total mean porosity values above 0.90. So for the study of the effect of porosity on exit and average solute
concentration, the value of the porosity is taken from 0.1 to 0.95 as reported by [10].
The variation in the porosity is also applied on first washer and then the influence in C vs. T profile is observed for all
washers. The C vs T profiles for different porosity at the bed exit i.e at Z = 1.0 and average solute concentration are
shown from the Figure 11 to Figure 14 respectively for sodium ion species of black liquor. The deviation in the
breakthrogh curve start after T = 0.5 in exit concentration. For the porosity values below 0.40 (say 0.10 to 0.30)
significant deviations in the profile is observed, and while the higher porosity values show the practically no deviation
in the shape of breakthrough curves. From the figures, it is also clear that maximum deviation is observed at ε = 0.10
for all four washers. It is also obsereved that deviation increses from first washer to last washer. To study the steady
state behavior of the curve some imaginary layer of the cake is considered and effect is also checked by increasing the
dimensionless time from T = 1.0 to T = 2.0. From the figures it is also clear that the washer 1 achieves steady state
before T = 1.5 while all other washers achieve steady state after T=1.5

Figure 11. Exit and Average C vs. T profile for various values of porosity of washer-1
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Figure 12. Exit & Average C vs. T profile for various values of porosity of washer-2

Figure 13. Exit C vs. T profile for various values of porosity of washer-3

Figure 14. Exit & Average C vs. T profile for various values of porosity of washer-4

4. Conclusion
For the investigation of multistage counter current washing system based on mathematical models derived for
displacement washing with axial dispersion and particle diffusion are proposed. Langmuir adsorption isotherm is used
to describe the relationship between the concentration of the solute in the liquor and concentration of the solute on the
fibers. The numerical solution are obtained for four stages in counter current manner by using “pdepe” solver in
MATLAB source code and taking Pe = 71.26 for first washer based on the simulation data. Peclet numbers for second
and subsequent washers are obtained by using the algorithm given by [10]. For each stage of a series of four washers,
the variations in the dimensionless solute concentration with respect to dimensionless time as well as dimensionless
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cake thickness are shown by 3-D graphs. Parametric effect of the various parameters is also studied for varying range of
parameters for each washer individually of the four stage washing system.

Nomenclature:
C
: Concentration of the solute in the liquor, kg/m3
C0
: Concentration of solute inside the vat, kg/m3
N0
: Amount of solute accumulated on the fiber surface at the inlet, Kg/m3
Cs
: Concentration of solute in the wash liquor, kg/m3
DL
: Longitudinal dispersion coefficient, m2/s
A,
: Langmuir constants, m3/Kg
B
L
: Cake thickness, m
N
: Concentration of solute on fibers, kg/m3
T
: Time, s
C
: Dimensionless Concentration of solute in the liquor
N
: Dimensionless Concentration of solute in the fiber
Z
: Dimensionless Distance
T
: Dimensionless Time
U
: Liquor speed in cake pores, m/s
Z
: Variable cake thickness, m
Cyi
: Inlet vat consistency of the pulp, Kg of fiber/Kg of liquor
Cyd : Discharged consistency of the pulp, Kg of fiber/Kg of liquor
xi
: Dissolves solids inside the vat, %
xs
: Dissolved solids in washing water, %
xf
: Dissolved solids in the filtrate, %
xd
: Dissolved solids in discharged pulp, %
xr
: Dissolved solids in recycle liquor, %
Li
: Amount of liquor inside the vat, Kg of liquor/Kg of pulp
Ls
: Amount of wash water, Kg of water/Kg of pulp
Ld
: Amount of liquor in discharge pulp, Kg of liquor/Kg of pulp
Lf
: Amount of filtrate, Kg of liquor/Kg of pulp
Lr
: Amount of liquor recycled to previous washer, Kg of liquor/Kg of pulp

REFERENCES
[1] Arora, S., Dhaliwal, S.S., & Kukreja, V.K. Simulation of washing of packed bed of porous particles by orthogonal
collocation on finite elements. Computers and Chemical Engineering, 30, 1054-1060, (2006a).
[2] Arora, S., Dhaliwal, S.S., & Kukreja, V.K.. Modelling of the displacement washing of pulp fiber bed. Indian
Journal of Chemical Technology, 13, , 1-6, (2006b).
[3] Brenner, H. The diffusion model of longitudinal mixing in beds of finite length. Chemical Engineering Science,
17, 229-243, (1962).
[4] Cullinan, H.T. , “The efficiency of pulp washing with regard to lignin removal”, Appita Journal, 44(2), 91-94,
(1991)
[5] Grah, L.E. Washing of cellulose fibers analysis of displacement washing operations. Ph.D thesis, Chalmers
University of Technology, Goteborg, Sweden, ((1974).).
[6] Grah, L.E. Displacement washing of packed beds of cellulose fibers, part-1: Mathematical
model, Svensk
Paperstidning. 78(12), 446-450, (1975).
[7] Gren, U.B. & Storm, K.H.U. Displacement washing of packed beds of cellulose fibres, Pulp and Paper Canada.
86(9), T261-264, (1985).
[8] Hartler, N. and Rydin, S., “Washing of pulps, part-I: Equilibrium studies”, Svensk Papperstidning, 78(10), 367372, (1975).
[9] Kukreja, V. K. Modeling of washing of brown stock on rotary vacuum washer. PhD. Thesis, University of Roorkee,
Roorkee, India, (1996).

Volume 6, Issue 2, February 2017

Page 54

International Journal of Application or Innovation in Engineering & Management (IJAIEM)
Web Site: www.ijaiem.org Email: editor@ijaiem.org
Volume 6, Issue 2, February 2017

ISSN 2319 - 4847

[10] Kumar, Mukesh. Mathematical modeling of pulp washing systems and solutions. PhD. Thesis, Indian Institute of
Technology Roorkee, Roorkee, India, (2002).
[11] Kumar, D., Kumar, V. and Singh, V.P., “To study the parametric effects on the performance of brown stock
washer in Paper Industry using MATLAB”, World Journal of Modeling and Simulation, 5(1), 30-37, (2009a).
[12] Kumar, D., Kumar, V. and Singh, V.P., “Analysis of parametric effect on efficiency of the brown stock washer in
Paper Industry using MATLAB”, American Institute of Physics Conference Proceeding, 1146, 390-399, (2009b).
[13] Kumar, D., Kumar, V., and Singh, V.P. Mathematical modeling of brown stock washing problems and their
numerical solution using MATLAB, Computers and Chemical Engineering, 34, 9-16, (2010).
[14] Luthi, O., “Different approaches to modeling displacement ratio”, Pulp and Paper Canada, 86(7), T201-T205,
(1985).
[15] Norden, H.V., Pohjola, V.H. and Seppanen, R., “Statistical analysis of pulp washing on an industrial rotary drum”,
Pulp and Paper Magazine of Canada, 74(10), 83-91, (1973).
[16] Perron, M. & Lebeau,B. A mathematical model of pulp washing on rotary drums. Pulp and paper Canada, 78(3),
TR1-TR5, ((1977).
[17] Smith, R.J. and Duffy, G.G. “Pulp washing by dilution-thickening without remixing”, Appita Journal, 44(4), 265269, (1991).
[18] Turner. P.A., Roche. A.A., McDonald J.D. and van Heiningen, A.R.P. “Dynamic behavior of a brownstock
washing system”, Pulp and Paper Canada, 94(9), T263-T268, (1993).
[19] Tervola, Pekka., Fourier series solution for multistage countercurrent cake washing and segregated wash effluent
circulation. Chemical Engineering Science, 61, 3268 – 3277, (2006).

AUTHORS
Prof. V. P. Singh, did his M.Sc. and Ph.D. in Applied Mathematics from Department of
Mathematics, University of Roorkee, Roorkee, India in 1972 and 1978 respectively. He joined
Department of Mathematics,University of Roorkee as Lecturer in June 1978 and rose to the
position of Professor in 2004When UOR converted into IIT Roorkee. He visited several Foreign
Universities as Posdoctoral Fellow, McMaster University,Hamilton ,Canada (182-84), Manchester
University ,U.K. (March 1984), Salahaddin University (Assistant Professor.1986-87)( Iraq), Asmara UniversityAsmara,
(Professor,2002-2005) ( Eritrea), Liverpool Hope Iniversity , U.K. ( Visiting Professor. 2007) . During 2009-11,he was
appointed Director, Millinnium College Of Engineering and technology, Biharigarh ( Saharanpur) and then joined as
Director General at Stallion CollegeOf Engineering and Technology Chutmalpur( Saharanpur ) during 2011-2013. He
is a recipient of several research awards and honours.He has published more than one hundred research papers and
guided 15 Ph.d theses. After taking VRS from IIT Roorkee during 2013, he joined as Professor of Applied
Mathematis,Department of Mathematics, Faculty of ScienceAl Baha University and continuing there till date.
Dr. Deepak Kumar received his Doctorate degree in Applied Mathematics from Indian Institute of
Technology, Roorkee 2012. During 2006-2012, he stayed in Research during Ph.D. program and
received Junior and senior research fellowships from Ministry of Human Resource Development,
Govt. of India. Author published many research papers in International Journal of repute. He has 14
years of teaching experience. Currently, He is associated with GCET as an Associate Professor in
Mathematics Department.
Dr. Vivek Kumar is an Associate Professor in Department of Paper Technology at Indian Institute of
Technology, Roorkee. His main research interests include application of ecofriendly technologies in
pulp and paper making, Clean Technologies, development of bio-augmented water and wastewater
treatment system, industrial solid waste management, and modeling & simulation. Kumar has his B.E.
(Pulp and Paper) and M.E (Chemical Eng.) with specialization in Industrial Pollution Abatement from
University of Roorkee (Presently IIT Roorkee). In 2000 he completed his Ph.D. in the area of Waste
Management for Small Scale Industries from IIT Delhi. After completing Ph.D, he worked in IWT, Wolfenbuettel,
Germany on a joint DST-DAAD project “Development of low cost membrane filters for the removal of fluoride”. Since
2002 to 2004 he worked in TIFAC, New Delhi on the project “Mission for Application of Technology for Urban
Renewal & Engineering”. In May 2004 he joined IIT Roorkee as faculty.

Volume 6, Issue 2, February 2017

Page 55

