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ABSTRACT 
The use of mathematics is quite visible in every area of computer science i.e. in artificial intelligence, software development 
environments and tools, software architecture and design, multiprocessing, automatic control, distributed and concurrent 
algorithms etc. Mathematics helps in the design, implementation and  analysis of algorithms for scientific and engineering 
applications. It also improves the effectiveness and applicability of existing methods and algorithms.  
Graph theory is an important area in mathematics. This paper explores the use of graphs for modelling communication 
networks. It represents the communication networks as binary tree, 2-D array and butterfly network. All three representations 
have been compared on their diameter, switch size, switch count and congestion. 
Keywords: Graphs, Communication Network, Binary tree, 2-D array, Butterfly network 

1. INTRODUCTION  
The graph theoretical ideas are used by various computer applications like data mining, image segmentation, 
clustering, image capturing, networking etc. Graph theory can be used to represent communication networks. A 
communications network is a collection of terminals, links and nodes which connect to enable telecommunication 
between users of the terminals. Each terminal in the network must have a unique address so messages or connections 
can be routed to the correct recipients. The collection of addresses in the network is called the address space. Every 
communications network has three basic components: terminals(the starting and stopping points of network), 
processors(which provide data transmission control functions), transmission channels(which help in data transmission). 
The communication network aims to transmit packets of data between computers, telephones, processors or other 
devices. The term packet refers to some roughly fixed-size quantity of data, 256 bytes or 4096 bytes. The packets are 
transmitted from input to output through various switches.   
The communication networks can be represented using the various mathematical structures which also help us to 
compare the various representations based on congestion, switch size and switch count. Graphs have an important 
application in modeling communications networks. Generally, vertices in graph represent terminals, processors and 
edges represent transmission channels like wires, fibers etc. through which the data flows. Thus, a data packet hops 
through the network from an input terminal, through a sequence of switches joined by directed edges, to an output 
terminal. 

2. LITERATURE SURVEY 
Paper [1] gives an overview of applications of graph theory in heterogeneous fields. It proposes that graph theoretical 
ideas can be used in various areas of computer applications for researches. It has shown various networks modelled as 
graphs. In [2], the authors have explained the applications of graph in fault tolerant systems. [3] & [4] describe the use 
of mathematical morphology in image analysis. They explain mathematical morphology to examine the geometrical 
structure of an image by matching it with small patterns at various locations in the image. By varying the size and the 
shape of the matching patterns one can extract useful information about the shape of the different parts of the image 
and their interrelations. 

3. GRAPHICAL REPRESENTATION OF COMMUNICATION NETWORK  
This discussion refers to nodes/switches instead of communication channel. The various terms involved in this context 
are mentioned below: 

 
(i) Latency: This is the time required for a packet to travel from an input to an output. One measure of latency is the 

number of switches that a packet must pass through when travelling between the most distant input and output. 
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(ii) Diameter: The diameter of a network is the number of switches on the shortest path between the input and output 
that are farthest apart. Thus, diameter is an approximate measure of worst-case latency. 

(iii) Congestion: Congestion is defined as the statistic to quantify bottleneck problems in communication networks. 
It is the largest number of packets that end up passing through any switch. 

 
 3.1 As Binary tree      
A communication network can be represented as a complete binary tree. In fig. 1, the squares represent the terminals, 
sources and destinations for packets of data. The circles represent switches, which direct packets through the network. 
A switch receives packets on incoming edges and relays the forward along the outgoing edges. As there is a unique 
path between every pair of vertices in an undirected  tree. So the natural way to route a packet of data from an input 
terminal to an output in the complete binary tree is along the analogous directed path. 

 
Figure 3: Binary tree representation for communication network [5] 

Consider a network having N inputs and N outputs, where N is a power of two. 
  
3.1.1. Diameter: The diameter of a complete binary tree with N inputs and outputs will be 2 logN +1. Therefore, if 

210 = 1024 inputs and outputs are connected using a complete binary tree and then the latency will be only 2 log(210) + 
1 = 21. 

 
3.1.2. Switch size: Every networks aims to have minimum diameter. Using larger switches is one way to achieve 

this. In the complete binary tree, most of the switches have two incoming edges and two outgoing edges, which makes 
them 3 × 3 switches. A complete ternary tree can be constructed if there are 4 × 4 switches  with an even smaller 
diameter. In principle all the inputs and outputs can be connected via a single monster switch which will behave as 
NxN switch. This approach does not seem to be very productive as the original network design problem is concealed 
inside the big switch. So, the network has to be designed in such a way so as to achieve the functionality of  NxN switch 
using elementary devices, like 3 × 3 switches. 

 
3.1.3. Switch count: Another issue related to designing a network is the number of switches. More number of 

switches leads to more hardware cost. Therefore, the number of switches should be as low as possible. the total number 
of switches in a complete binary tree is 2N − 1, which is nearly the best possible with 3 × 3 switches. 

 
3.1.4. Congestion: The root switch in complete binary tree is a complete bottleneck as every packet has to pass 

through the root switch and if the root switch fails the network is divided into two halves. Before calculating the 
congestion let us discuss some terms.  
Permutation is a function  π that maps each number in the set {0, 1, . . . ,N − 1} to another number in the set such that 
no two numbers are mapped to the same value. π (i) = π (j) if and only if i = j. For example, π (i) = i is one permutation 
(called the identity permutation) and π (i) = (N − 1) − i is another.  
Permutation routing problem: One packet starts out at each input; in particular, the packet starting at input i is called 
packet i. The challenge is to direct each packet i through the network from input I to output π (i). 
The solution to a permutation routing problem is a specification of the path taken by each of N packets. The path taken 
by packet i from input i to output π (i) is denoted Pi, π (i). For example, if π (i) = i, then there is an easy solution: let Pi, π (i) 
be the path from input i up through one switch and back down to output i. On the other hand, if π (i) = (N −1)−i, then 
each path Pi, π (i) must begin at input i, loop all the way up through the root switch, and then travel back down to 
output (N −1)−i. The congestion of a set of paths P0, π (0), . . . , PN−1, π (N−1) is equal to the largest number of paths that pass 
through a single switch. Lower congestion is better as packets can be delayed at an overloaded switch. The congestion 
for a complete binary tree is N as the worst case would be to choose a permutation like π(i)=(N-1)-i. In that case, every 
packet i will be forced to select a path Pi, π (i) which passes through the root switch. 
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3.2 As 2-D Array 
The communication network can also be represented as a 2-dimensional array. This is also called a grid or a crossbar. 
Fig. 2 shows a 2-D representation for communication network. 

 
 

3.2.1. Diameter: The diameter in this case is 2N-1 i.e. the number of switches on the shortest path between the 
farthest input and output for N inputs and N outputs. 
 

3.2.2. Switch size: The switch size is 2×2. 
 

3.2.3. Switch count: The number of switches required when communication network is represented as a 2-D array is 
N2 . Therefore, a network of size N=1000 would require a million 2×2 switches. 

 
3.2.4. Congestion:  Let  π be any permutation. Let Pi, π (i) be the path extending from input i rightward to column j 

and then downward to output π (i). Thus, the switch in row i and column j transmits at most two packets: the packet 
originating at input i and the packet destined for column j. Therefore, the max-congestion for this case would be 2. 

 3.3As Butterfly 
All the terminals and switches in the network are arranged in N rows. In particular, input i is at the left end of row i,  
and output i is at the right end of row i. Rows are labelled in binary,  thus, the label on row i is the binary number b1b2 
. . . blogN that represents the integer i. Between the inputs and the outputs, there are log(N) + 1 levels of switches, 
numbered from 0 to logN. Each level consists of a column of N switches, one per row. Thus, each switch in the network 
is uniquely identified by a sequence (b1, b2, . . . , blogN, L), where b1b2 . . . blogN is the switch’s row in binary and L 
is the switch’s level. There are directed edges from switch (b1, b2, . . . , blogN, L) to two switches in the next level. 
One edge leads to the switch in the same row, and the other edge leads to the switch in the row obtained by inverting 
bit L + 1. 

 
Figure 3:  Butterfly representation for communication network [5] 

3.3.1. Diameter: Between the inputs and the outputs, there are log(N) + 1 levels of switches, numbered from 0 to 
logN. Each level consists of a column of N switches, one per row. Therefore, the diameter for this case is log(N) + 1. 
 

3.3.2. Switch size: The switch size is 2×2 as visible from fig.  3. 
 

3.3.3. Switch count: As the network consists log(N)+1 level of switches and each level has N switches. Therefore, 
total switch count is N(log(N)+1). 
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3.3.4. Congestion:  There is a unique path from each input to each output, so the congestion is given by the 
maximum number of messages passing through a vertex for any routing. If v is a vertex in column i of the butterfly 
network, there is a path from exactly 2i input vertices to v and a path from v to exactly 2n-i output vertices. Therefore, 
congestion of the butterfly network turns out to be around √N if N is an even power of 2 and √N/2 if N is an odd power 
of 2. 

4. COMPARISON OF VARIOUS REPRESENTATIONS 
The Table 1 shows that the butterfly network has lower congestion than the complete binary tree and it uses fewer 
switches and has lower diameter than 2-D array. The congestion for 2-D array does not depend on the number of inputs 
and outputs and is always fixed while this is not the case for binary tree and 2-D array. The structure of binary tree, 
which is otherwise simpler than butterfly, becomes bigger and complex with the increase in number of inputs and 
outputs. The root acts as a bottleneck for binary tree representation.  In spite of the complexity of butterfly networks, the 
way to route a packet from input to output is very simple due to the labelling of rows in binary. One bit is corrected at 
each level. 

Table 1: Comparison of various representation 

Network  Diameter  Switch size Switch count Congestion  

Complete Binary tree 2logN+1 3×3 2N-1 N 

2-D array 2N-1 2×2 N2 2 

Butterfly  logN+1 2×2 N(log(N)+1) √N or √N/2 

 

5. CONCLUSION 
The application of graph theory in communication networks has been discussed in this paper. The communication 
networks have been represented as binary tree, 2-D array and butterfly network. All three representations have been 
compared on their diameter, switch size, switch count and congestion. The butterfly has lower congestion than the 
complete binary tree. And it uses fewer switches and has lower diameter than the array. However, the butterfly does not 
capture the best qualities of each network, but rather is compromise somewhere between the two. The congestion is 
minimum in 2-D array and remains constant irrespective of increase in number of switches. Binary tree is not scalable 
as the complexity increases with increase in number of inputs and outputs. 
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