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Abstract 
The natural, forced and mixed convection in an inclined concentric open ended annulus with stationary and 
rotating inner shaft and uniformly heated stationary outer cylinder has been experimentally investigated. The study 
covers a wide ranges of heat flux 80 q 500 W/m2, rotational Reynolds number =0 (stationary inner cylinder) 
and 50 100 for laminar Couette flow ( ), and 150 300 for turbulent Taylor vortex flow, 
Rayleigh number 18560 58434, Richardson number 0.29 Ri 33.39, and angle of inclinations 00 900. 
The results showed that the heat transfer process improves as the angle of inclination deviates from horizontal to 
vertical position and the mean Nusselt number at =300, 450, 600, and 900 (vertical position) increases by 1.6%, 
5.5%, 7.3%, and 8.3%; respectively, from that at horizontal position ( =00). A general empirical correlation for 
average Nusselt number (Num) has been deduced as a function of , Ra, and . The results are compared with 
previous works and show a good agreement. 
Keywords: Annulus, convection heat transfer, rotating inner cylinder 

1. INTRODUCTION 
Heat transfer in concentric annulus with rotation either or both tubes has wide applications in rotating electric 

machines, bearings, gas or oil exploration drills, boring rings, rotors of helicopters, etc. Because of these applications, 
many researchers have been evincing interest in this fields.  

The term Couette flow describes flow between two surfaces that are in close proximity, this flow is dominated by 
viscous effects and inertial effects are negligible, see Fig. 1. The rotating Couette flow is assumed laminar flow and is 
valid provided the Taylor number is less than the critical Taylor number, Tacr. If the critical Taylor number is 
exceeded, toroidal vortices can be formed in the annulus. The critical Taylor number depends on a number of important 
factors, including the annulus dimensions and rotation ratio. For the case of a narrow gap annulus, with a rotating 
inner cylinder and stationary outer cylinder the critical Taylor number is 41.19. For radius ratio r1/r2=0.5 with a 
stationary outer cylinder (as taken in the present study), Tcr= 68.19 [1]. In the present study, this value gives 
corresponding critical rotational Reynolds number based on hydraulic diameter of annulus equals to 110. The wave 
number kcrit corresponding to Tacr describes the axial periodicity of the perturbation. The critical wavenumber defines 
the axial spacing of the vortices, or wavelength, λ=2π/kct . Thus, since kct=3.13/Dhand equals to 3.16 for radius ratio 
r1/r2=0.5,λ≈2Dh, indicating that a counter-rotating pair of vortices (one wavelength) has an axial wavelength that is 
twice the radial gap width. Thus, each vortex tends to be circular (as opposed to elliptical), filling a region that is Dh × 
Dh, consistent with experiments [2]. 

Much of the experimental work reported concerns with convection heat transfer in open ended or enclosure annulus 
at vertical and horizontal positions. Tachibana et al.(1960),[3] examined the  natural convection heat  transfer in an 
annulus with rotating inner cylinder and fixed outer cylinder and  found equation experimental for Ta>40, 

. Hiroshi et al. (1967) ,[4] examined the heat transfer process by natural convection in an 
annulus with rotating uniformly heated inner cylinder and outer cooled cylinder and found equation experimental 

. Kuehn et al. (1978),[5] concluded that the eccentricity of the inner cylinder the overall heat 
transfer coefficient change by less than 10% over the range of eccentricities.Takata, et al. (1984) ,[6]found that the 
maximum local Nusselt number at inner and outer cylinder occurs at the inclination angle at 75° and 60°,respectively. 
Ball, et al. (1989) , [7] studied Taylor vortex flow under uniformly heated rotating inner tube and cooled fixed outer 
tube as boundary conditions and found empirical correlation .Nouri and Whitelaw (1997), [8] 
found that the rotation of inner cylinder has similar effects on the Newtonian and non-Newtonian fluids. Hosseiniet al. 
(2005), [9] concluded that the rate of heat transfer is greater for eccentric pipes in comparison with the concentric and 
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single pipes. Sheng (2006), [10], found that, for the case of rotation of the inner cylinder, the heat transfer process will 
increase with the increasing rotational Reynolds number under the interaction of the centrifugal buoyancy force. Reda 
et al (2009), [11]deduced an empirical equation for average Nusselt number on the rotating inner cylinder as a function 
of Rayleigh number, aspect ratio, and rotational Reynolds number Nu = 0.668 ܴܽ0.270.264ܴ0.14-ܵܣ . Adebayo (2012), 
[12]concluded the vortex centers displace towards the outer cylinder wall when the radius ratio increases. Vieira Neto 
et al(2014),[13] studied the helical flow in the region between two concentric cylinders during operations of drilling oil. 
The correct prognostic drilling fluid flow in an annular space between the well-bore wall and the drill cylinder is 
important to determine the variation in fluid pressure within the wellbore. The opposite effect was happen in eccentric 
arrangement, i.e. the introduction of the inner tube rotation rise the pressure drop of these fluids. Mauwafak et 
al.(2015), [14] studied the vibration effect on the mixed convection heat transfer at the entrance region of concentric 
vertical annulus with rotating inner cylinder and outer stationary heated cylinder with radius ratio of 0.365. Results 
show that the values of local Nusselt number increase as forced frequency increase. Akeel et al. (2018), [15] examined 
the heat transfer process by mixed convection in the entrance region of horizontal and vertical annulus with uniformly 
heated stationary outer cylinder and rotating inner shaft. The results showed that the local Nusselt number values 
increase as Taylor number increases. 

 
Figure 1 Rotating Couette flow 

2. EXPERIMENTAL SETUP 
The test section as shown schematically in Fig.2 consists of two concentric cylinders made from aluminum. The 

stationary outer cylinder has dimensions of 60 mm diameter and 100 cm length; and the rotating inner shaft has 
dimensions of 30 mm wall thickness, 30 mm diameter, 125 cm length. The outer cylinder is heated at constant heat 
flux by heater wire  made of Nickel-Chromium wire which has resistance of 4.0 ohm per length. The wire is insulated 
by means of ceramic beads to prevent electric contact between heater and surface cylinder.The outer cylinder is 
insulated with asbestos layer with 45 mm thickness to reduce the heat losses. To determine the heat loss from the 
surface of test section, three thermocouples were fixed on the asbestos insulation surface to measure the average 
temperature at the insulation surface. Knowing the thickness and thermal conductivity of the asbestos insulation, the 
heat loss thus can be calculated. Two Teflon rings are fitted at the upper and lower ends of outer cylinder with the same 
of its inner diameter  and 100 mm outer diameter. The Teflon was chosen due to its low thermal conductivity (0.25 
W/m.K) to reduce the heat loss from the aluminum outer cylinder ends. The outer cylinder surface temperatures were 
measured by twenty five thermocouples (type K) arranged along the outer cylinder. All thermocouples were used with 
leads and calibrated using the melting point of ice made from distilled water as a reference point, the boiling point of 
distilled water and the boiling points of several pure chemical substances. The rotating of inner shaft with different 
rotating speeds was achieved by electric motor and the angular velocity is controlled by using dimmer ( change 
voltage). The angular velocity  is measured by handhelddigital tachometer in revolution per minute (r.p.m.). The 
heater electric circuit  consists of   electric transformer type Phillips to adjust the heater input power as required, and a 
digital multimeter to measure the heater voltage and current. 

The inlet air temperature was measured by one thermocouple located through the lower piece of Teflon, while the 
outlet bulk air temperature was measured by two thermocouples located through upper piece of Teflon. 

   The experiments were carried out through the following procedure: (1) the electric heater and the motor for the 
rotating inner shaft are switched on. (2) The apparatus left more than four hours to reach the steady state condition at 
maximum required voltage then switched to the next voltage at least the lower one (to reduce the required time to reach 
the steady state condition). (3) The measuring parameters collected during each test are; thermocouples temperatures in 
°C, the heater current in amperes, the heater voltage in volts, the angular velocity of inner shaft. (4) Same steps were 
recurred with applying new values of heat flux, and angular velocity for inner shaft. 
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Figure 2Schematic Diagram of Experimental Setup 

 
3. Data Analysis 

Simplified steps were used to analyze the heat transfer for the air flow in an annulus when the outer cylinder is 
subjected to a uniform heat flux. The total input power supplied to the outer cylinder can be calculated by: 

(1) 
The convection and radiation heat transferred from the outer cylinder is: 

 (2)    
whereQcond is the conduction heat loss which was found from the following equation: 

(3) 

The convection-radiation heat flux can be represented by: 
   (4) 

where: Ao is outer surface area of cylinder and equal   
The local radiation heat flux can be calculated as follows: 

(5) 
 

Hence, the convection heat flux at any position is: 
(6) 

The radiation heat flux is very small and can be neglected. Therefore, the convection-radiation heat can be equated to 
the convection heat flux, q. 

The local heat transfer coefficient can be obtained by: 
 (7) 

The local Nusselt number (Nux) can be calculated: 
 (8) 

The average values of Nusselt number Num can be calculated by: 
(9) 

The average values of the other parameters can be calculated based on calculation of average outer cylinder surface 
temperatureand average bulk air temperature as follows: 

(10) 
 

   (11)  
 

(12) 
All thermodynamics air properties of ρ, μ, ν, and k were evaluated at the average mean film temperature ( ) [16]. 

4. RESULTS AND DISCUSSIONS 
A total of 150 test runs have been carried out on a test rig which consists of an annulus with a rotating inner cylinder 

and uniformly heated stationary outer cylinder. The annulus angles of inclination were 00 (horizontal position), 300, 
450, 600, and 900 (verticalposition).  The implemented values of heat flux were (80,150, 200, 300, 400 and 500) W/m2 
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with Rayleigh number values (18560, 26760, 35033, 50370, 58434, 29680, 37560, 45430, 55380 and 26321). The 
rotation Reynolds number values of the inner cylinder were 50,100, 150, 200, and 300.  

4.1 Local Nusselt Number (Nux) 
The local Nusselt number along the axial distance of outer cylinder surface for selected runs is plotted in Figs. 3 to 6. 

As can be seen from these figures that at the inlet annulus, the local Nusselt number decreases sharply to reach a 
minimum value at a certain point after which the local Nusseltnumber  gradually increases. The effect of Rayleigh 
number on the local Nusselt number along the axial distance of outer cylinder  for =200 and at =0o (horizontal 
position) is shown in Fig. 3. The figure shows that the values of local Nusselt number increase as Rayleigh number 
value increases because the dominant natural convection on the heat transfer process as Reynolds number kept 
constant.                                                                                     

The effect of Reynolds number on the local Nusselt number along the axial distance of outer              cylinder  for 
Ra=35033 and at =0o (horizontal position) is shown in Fig.4. As can be seen from this figure that there is no effect on 
the behavior of local Nusselt number when the value of rotational Reynolds number exceeds the critical  value 
( =110) because of higher values of Richardson number which indicate the dominant of mixed and natural 
convection in the heat transfer process. The figure shows also that the values of local Nusselt number increase as 
rotational Reynolds number increases as Rayleigh number kept constant. The effects of Reynolds number and Rayleigh 
number on the local Nusselt number for other angles of inclination give the same behavior that obtained at horizontal 
position.                                          

      The effect of angle of inclination on the local Nusselt number along the axial distance of outer cylinder for 
selected runs is plotted in Figs.5 and 6for Ri=33.39 and Ri=0.29; respectively, at the same Rayleigh number. It is 
shown that the local Nusselt number values increase as the angle of inclination deviates from horizontal to vertical 
position. At horizontal position, the direction of natural convection is perpendicular to the annulus walls, hence the air 
particles at the bottom part of annulus move upward towards the rotating inner cylinder wall and mix with the spirals 
air motion resulted from rotation of inner cylinder. This will generate a vortex around the inner cylinder along the axial 
distance which works to reduce the temperature gradient in the radial direction. The vortex will be stronger as the 
angle of inclination moves from horizontal to vertical position because the secondary currents assist it to move 
downward flow towards the annulus exit leads to increase the velocity of air particles near the heated wall. As a results, 
the heat transfer enhancement achieves as the position of annulus changes from horizontal to vertical. 

 

 
Figure 3Variation of local Nusselt number with the axial distance for different Rayleigh number, at ReΩ = 200, θ=00 

(horizontal position). 

 
Figure 4 Variation of local Nusselt number with the axial distance for differentrotational Reynolds number, at Ra= 

35033, θ=00 (horizontal position). 
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Figure 5 Variation of local Nusselt number with the axial distance for different angles of inclination, at Ra= 58434, 

ReΩ =50, Ri=33.39. 

 
 

Figure 6 Variation of local Nusselt number with the axial distance for different angles of inclination, at Ra= 18560, 
ReΩ =300, Ri=0.29. 

4.2 MeanNusselt Number (Num) 
The effect of angle of inclination, rotational Reynolds number and Rayleigh number on mean Nusselt number (Num)is 
plotted for selected runs in Figs. 7 to 11. The fig. 7show the variation of mean Nusselt number with Rayleigh number 
number for different values ofrotationalReynolds number at θ = 900 (vertical position). The fig. 8show the variation of 
mean Nusselt number with rotational Reynolds number for different values of Rayleigh numberat θ = 900 (vertical 
position).As can be seen from these figures that the mean Nusselt number increases as Rayleigh number increases 
where Reynolds number is kept constant and as Reynolds number increases where Rayleigh number is kept constant. 
 
 

The fig. 9 show the variation of mean Nusselt number with Reynolds number for different angles of inclination at Ra 
= 58434. The fig. 10 show the variation of mean Nusselt number with Rayleigh number for different angles of 
inclination at  = 300. The fig. 11shows the variation of mean Nusselt number with Richardson number for different 
angles of inclination. As can be seen from figs.9 to11 that the heat transfer process improves as angle of inclination 
deviates from horizontal to vertical position. Also, the mean Nusselt number increases as Richardson number increases, 
i.e. higher rates of mixed convection improves the heat transfer process for all angles of inclination. 
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Figure 7 Mean Nusselt number versus Rayleigh number for different values of rotational Reynolds number, 

θ=900(vertical position). 
 
 
 

 
Figure 8 Mean Nusselt number versus rotational Reynolds number for different values of Rayleigh number Reynolds 

number, θ=900(vertical position). 

 
Figure 9Mean Nusselt number versus of rotational Reynolds number at Ra=58434 for different angles of inclination. 
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Figure 10 Mean Nusselt number versus Rayleigh number at ReΩ = 300 (rotating inner cylinder) for different angles of 

inclination. 
 
 

 
Figure 11Mean Nusselt number versus Richardson number for different angles of inclination. 

4.3  Empirical Equations 
An empiricalequations for mean Nusselt number in an open ended concentric annulus with rotating inner cylinder 

for inclination angles of 00 (horizontal),300,450, 600, and 900 (vertical)  have been deduced as a function of Reynolds 
number and Rayleigh number, for a wide values of  Rayleigh number (18560, 26760, 35033, 503370,58434) and 
rotational Reynolds number (50, 100, 150, 200, 250, and 300). 

Figures 12 to 16 shows the relation between Log (Num) against Log (Ra/ ) for angles from 00 (horizontal 
position), 300, 450, 600, and 900 (vertical position); respectively. All the points as can be seen are represented by 
linearization and they give the following general form: 

Num= a ( Ra / )b(13) 
       The values of constants a and b in equation (13), in addition to the error percentage at each angle of inclination 

are given in Table 1 
Table 1 Constants in Eq.(13) for Various Angles of Inclination and percentage errors 

 a b Error 
00 (horizontal) 3.095 -1.217 ± 5% 

300 3.421 -1.563 ± 7% 
450 3.781 -1.175 ± 4% 
600 4.178 -1.723 ± 7% 

900 (vertical) 4.618 -1.538 ± 5% 
 

The mean Nusselt number at =300, 450, 600, and 900 (vertical position) increases by 1.6%, 5.5%, 7.3%, and 8.3%; 
respectively, from that at horizontal position ( =00). 
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Hence, a general correlation for the average Nusselt number as a function of Richardson number and angle of 
inclination has been deduced as shown infig.17 which shows the relation between Log (Num) against Log (Ri 
(1+л/180×ߠ)) to give the following equation: 

Num=2.117 (Ri × (1+л/180×ߠ))(14)0.1231 
 

 
Figure 12 Logarithmic mean Nusselt number versus logarithmic(Ram/ReΩ), at 00=ߠ (horizontal position) 

 
Figure 13 Logarithmic mean Nusselt number versus logarithmic(Ram/ReΩ), at 300=ߠ 

 
Figure 14 Logarithmic mean Nusselt number versus logarithmic (Ram/ReΩ), at  =450 
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Figure 15 Logarithmic mean Nusselt number versus logarithmic (Ram/ReΩ), at 600=ߠ 

 
Figure 16 Logarithmic mean Nusselt number versus logarithmic (Ram/ReΩ), 900=ߠ(vertical position). 

 
Figure 17 Logarithmic mean Nusselt number versus logarithmic Richardson (1+л/180×ߠ). 

4.4 Comparison with Previous Experimental Work 

The average Nusselt number variations versus ( /Ra) for vertical concentric annulus with uniformly heated 
stationary outer cylinder and rotating inner shaft resulted from the present work  is compared with that of the 
experimental work of  Reda and Eed (2009), [11] as shown in fig.18.It is obvious that the behavior and trend of Num for 
the two works are the same. The difference between the two experimental works may be referred to the difference in the 
values of ratio L/Dh for both works. 
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Figure 18 Comparison between the present work and the Reda and Eed work [11] for the mean Nusselt number versus 

(Re /Ra) at 00 = ߠ(horizontal position). 
4.5 Conclusions 

        This investigation is concerned with the experimental of Couette and Taylor vortex flows in an inclined open 
ended annulus with the inner cylinder rotating at constant speed. The forced, natural, and mixed convection were 
maintained according to the value of Richardson number. For all ranges of rotational Reynolds number, Rayleigh 
number, Richardson number, and angle of inclination taken in the present study,50 100 for laminar Couette 
flow ( ), and 150 300 for turbulent Taylor vortex flow, Rayleigh number 18560 58434, 
Richardson number 0.29 Ri 33.39, and angle of inclinations 00 900, the following remarks were concluded. 

1. The heat transfer process improves as angle of inclination deviates from horizontal to vertical position and the 
mean Nusselt number at =300, 450, 600, and 900 (vertical position) increases by 1.6%, 5.5%, 7.3%, and 8.3%; 
respectively, from that at horizontal position ( =00). 

2. The mean Nusselt number increases as Richardson number increases. 
3. The heat transfer process improves as Rayleigh number increases at constant value of Reynolds number. 
4. The heat transfer process improves as Reynolds number increases at constant value of Rayleigh number. 
5. Five empirical equations have been deduced for mean Nusselt number as a function of rotational Reynolds 

number and Rayleigh number for each angle of inclination, in addition to general empirical equation contains 
all above effective parameters.  
 

 
NOMENCLATURE 

Symbol Quantity 
Ao outer surface area of cylinder, (m2) 
Cp specific heat at constant pressure, (kJ/kg.K) 
Dh, ,             hydraulic diameters, 2(r2-r1), (m) 
g gravity acceleration, (m/s2) 

F1-2 radiation view factors ≈ 1. 
h heat transfer coefficient, (W/m2.ºC) 
I current, (ampere) 
L length of annulus, (m) 
k wave number 
q heat flux, (W/m2) 

 convection heat loss, (W) 
 conduction heat loss, (W) 

 total heat power, (W) 
T temperature, (oC) 

∆Toi 
Difference between average inner and outer 

lagging surface temperature, (ºC) 
ro radius of outer lagging surface, m 
r1 Inner radius of cylinder, (m) 
r2, outer radius of cylinder, (m) 
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V voltage, (volt) 
  

 
Dimensionless Groups 

Pr Prandtl number  
Nu Nusselt number  
Gr Grashof number  
Ta Taylor number  

 rotational Reynolds number  
Ra Rayleigh number  
Ri Richardson number  

 
 

 
Subscript 
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