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ABSTRACT 
In the last two decades, many efficient algorithms and architectures have been introduced for the design of low 
complexity bit-parallel multiple constant multiplications (MCM) operation which increases the complexity of many 
digital signal processing systems. Multiple constant multiplication(MCM) is an efficient way of implementing several 
constant multiplications with the same input data. The coefficients are expressed using shifts, adders, and subtracters. 
On the other hand, little attention has been given to the digit-serial MCM design that offers alternative low complexity 
MCM operations. In this paper, we address the problem of optimizing the gate-level area in digit-serial MCM designs. 

Keywords: 0–1 integer linear programming (ILP), digit-serial arithmetic, finite impulse response (FIR) filters, gate-
level area optimization, multiple constant multiplications. 
1. INTRODUCTION  
Finite impulse response (FIR) filters are of great importance in digital signal processing (DSP) systems since their 
characteristics in linear-phase and feed-forward implementations make them very useful for building stable high-
performance filters. The direct and transposed-form FIR filter implementations are there, respectively. Although both 
architectures have similar complexity in hardware, the transposed form is generally preferred because of its higher 
performance and power efficiency .The multiplier block of the digital FIR filter in its transposed form, where the 
multiplication of filter coefficients with the filter input is realized, has significant impact on the complexity and 
performance of the design because a large number of constant multiplications are required. This is generally known as 
the multiple constant multiplications (MCM) operation and is also a central operation and performance bottle neck in 
many other DSP systems such as fast Fourier transforms, discrete cosine transforms (DCTs), and error-correcting 
codes. Although area-, delay-, and power-efficient multiplier architectures, such as Wallace and modified Booth 
multipliers, have been proposed, the full flexibility of a multiplier is not necessary for the constant multiplications, 
since filter coefficients are fixed and determined beforehand by the DSP algorithms. Hence, the multiplication of filter 
coefficients with the input data is generally implemented under a shift adds architecture, where each constant 
multiplication is realized using addition/subtraction and shift operations in an MCM operation. For the shift-adds 
implementation of constant multiplications, a straightforward method, generally known as digit based recoding, 
initially defines the constants in binary. Then, for each “1” in the binary representation of the constant, according to its 
bit position, it shifts the variable and adds up the shifted variables to obtain the result. 
1.1 Integer linear programming 
An integer programming problem is a mathematical optimization or program in which some or all of the variables are 
restricted to be integers. In many settings the term refers to integer linear programming (ILP), in which the objective 
function and the constraints (other than the integer constraints) are linear. Integer programming is NP-hard. A special 
case, 0-1 integer linear programming, in which unknowns are binary, is one of karp’s NP –complete problems. The 
feasible integer points are shown in red, and the red dashed lines indicate their convex hull, which is the smallest 
polyhedron that contains all of these points. The blue lines together with the coordinate axes define the polyhedron of 
the LP relaxation, which is given by the inequalities without the integrality constraint. The goal of the optimization is 
move the black dotted line as far upward while still  

touching the polyhedron. Mixed integer linear programming (MILP) involves problems in which only some of the 
variables, xi, are constrained to be integers. Zero-one linear programming involves problems in which the variables are 
restricted to be either 0 or 1. Note that any bounded integer variable can be expressed as a combination of binary 
variables. 
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1.2 Finite impulse response (FIR) filters 

In signal processing, a finite impulse response (FIR) filter is a filter whose impulse response (or response to any finite 
length input) is of finite duration, because it settles to zero in finite time. This is in contrast to infinite impulse 
response (IIR) filters, which may have internal feedback and may continue to respond indefinitely (usually 
decaying).The impulse response of an Nth-order discrete-time FIR filter  lasts for N + 1 samples, and then settles to 
zero. FIR filters can be discrete time or continuous time, and digital or analog. 

The output, y of a linear time invariant system is determined by convolving its input signal x with its impulse response 
b. For a discrete time FIR filter, the output is a weighted sum of the current and a finite number of previous values of 
the input. The operation is described by the following equation, which defines the output sequence y[n] in terms of its 
input sequence x[n]: 

 

Fig 1.1 structure of FIR filters 

The general expression is, 

 

Where, 

X(n) - the input signal, 

Y(n) - the output signal, 

Bi - the filter coefficients, also known as tap weights, that make up the impulse response, 

N - the filter order; an N th-order filter has (N+1)terms on the right-hand side. The X(N+1) in these terms are 
commonly referred to as taps, based on the structure of a tapped delay line that in many implementations or block 
diagrams provides the delayed inputs to the multiplication operations. One may speak of a 5th order/6-tap filter, for 
instance. 

An FIR filter has a number of useful properties which sometimes make it preferable to an infinite impulse 
response (IIR) filter. FIR filters: 

 Require no feedback. This means that any rounding errors are not compounded by summed iterations. The same 
relative error occurs in each calculation. This also makes implementation simpler. 

 Are inherently stable. This is due to the fact that, because there is no required feedback, all the poles are located at 
the origin and thus are located within the unit circle (the required condition for stability in a discrete, linear-time 
invariant system). 

 They can easily be designed to be linear phase by making the coefficient sequence symmetric. This property is 
sometimes desired for phase-sensitive applications, for example data communications, crossover filter, 
and mastering. 
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The main disadvantage of FIR filters is that considerably more computation power in a general purpose processor is 
required compared to an IIR filter with similar sharpness or selectivity, especially when low frequency (relative to the 
sample rate) cutoffs are needed. However many digital signal processors provide specialized hardware features to make 
FIR filters approximately as efficient as IIR for many applications. 

1.3 Multiple constant multiplications 

Multiple constant multiplications (MCM) are an efficient way of implementing several constant multiplications with 
the same input data. The coefficients are expressed using shifts, adders, and subtracters. By utilizing redundancy 
between the coefficients the number of adders and subtracters is reduced resulting in a low complexity implementation. 
Constant multiplication can be efficiently implemented using shifts, adders, and subtracters. As the complexity is 
similar for adders and subtracters we will refer to both as adders, and the number of adders and subtracters as adder 
cost. 
2. LITERATURE REVIEW 
2.1 “Low-Cost FIR Filter Designs Based on Faithfully Rounded Truncated Multiple Constant 
Multiplication/Accumulation” 
A generic flow of FIR filter design and implementation can be divided into three stages: finding filter order and 
coefficients, coefficient quantization, and hardware optimization, as shown in Fig.2.  

 
Fig .2.1 Three stages in FIR  design 

In the first stage, the filter order and the corresponding coefficients of infinite precision are determined to satisfy the 
specification of the frequency response. Then, the coefficients are quantized to finite bit accuracy. Finally, various 
optimization approaches such as CSE are used to minimize the area cost of hardwareplementations. Most prior FIR 
filter implementations focus on the hardware optimization stage  After FIR filter perations, the output signals have 
larger bit width due to bit width expansion after multiplications. In many practical situations, only partial bits of the 
full-precision outputs are needed. For example, assuming that the input signals of the FIR filter have 12 bits and the 
filter coefficients are quantized to 10 bits, the bit width of the resultant FIR filter output signals is at least 22 bits, but 
we might need only the 12 most significant bits for subsequent processing. In this brief, we adopt the direct FIR 
structure with MCMA because the area cost of the flip-flops in the delay elements is smaller compared with that of the 
transposed form. Furthermore, we jointly consider the three design stages in Fig. 2 in order to achieve more efficient 
hardware design with faithfully rounded output signals. Unlike conventional uniform quantization of filter coefficients 
with equal bit width, the nonuniform quantization technique with possibly different bit widths is adopted in this brief. 
Initially, subroutine Parks_McClellan() is used to find the filter order M for the given frequency response. Then, we 
quantize the coefficients with enough bits and generate the set of uniformly quantized coefficients ai with equal bit 
width B. The subroutine freq_resp_satisfied() checks if the frequency response is still satisfied after quantization. 
After coefficient quantization, we perform recoding to minimize the number of nonzero digits. In this brief, we 
consider CSD recoding with digit set of {0, 1,−1} and radix-4 modified Booth recoding with digit set of {0, 1,−1, 2,−2} 
and select the one that results in smaller area cost. While most FIR filter designs use minimum filter order, we observe 
that it is possible to minimize the total area by slightly increasing the filter order. Therefore, the total area of the FIR 
filter is estimated using the subroutine area_cost_estimate() using the approach in [20]. Indeed, the total number of 
PPBs in the MCMA is directly proportional to the number of FA cells required in the PPB compression because a FA 
reduces one PPB. After Step 1 of uniform quantization and filter order optimization, the nonuniform quantization in 
Step 2 gradually reduces the bit width of each coefficient until the frequency response is no longer satisfied. Finally, we 
fine-tune the nonuniformly quantized coefficients by adding or subtracting the weighting of LSB of each coefficient and 
check if further bit width reduction is possible. Using the algorithm,we can find the filter order M and the 
nonuniformly quantized coefficients that lead to minimized area cost in the FIR filter implementation. 
2.2 ”A Computer Program for Designing Optimum FIR Linear  Phase Digital Filters” 
The program has options for designing such standard filters as low- pass, high-pass, band pass, and band stop filters, as 
well as multi pass band-stop band filters, differentiators, and Hilbert transformers. The program can also be used to 
design filters which approximate arbitrary frequency specifications which are provided by the user. Emphasis is placed 
on a description of how the algorithm works, and several examples are included which illustrate specific applications. 
A unified treatment of the theory behind this approach is available. The algorithm uses the Remez exchange method to 
design filters with minimum weighted Chebyshev error in approximating a desired ideal frequency response D( f). 
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Several authors have studied the FIR design problem for special filter types using several different algorithms. The 
advantage of the present approach is that it combines the speed of the Remez procedure with a capability for designing 
a large class of general filter types. While the algorithm to be described has a special section for the more common 
filter types (e.g., band pass filters with multiple bands, Hilbert transform filters, and differentiators), an arbitrary 
frequency response can also be approximated. The net effect of this reformulation of the problem is a unification of the 
four cases of linear phase FIR  filters from the point of view of the approximation problem. Furthermore, provides a 
simplified viewpoint from which it is easy to see the necessary and sufficient conditions which are satisfied by the best 
approximation. Finally, shows how to calculate this best approximation using an algorithm which can do only cosine 
approximations.  
2.3 “Multiple Constant Multiplication for Digit-Serial implementation of Low Power FIR Filters” 
In the n-dimensional Reduced Adder Graph(RAG-n) algorithm was introduced. This algorithm is known to be one of 
the best MCM algorithms in terms of number of adders. Based on this algorithm an n-dimensional Reduced Shift and 
Add Graph (RSAG-n) algorithm has been developed [10], that not only tries to minimize the adder cost, but also the 
number of shifts. However, this algorithm has an increased adder cost, which will be dominating for larger digit-sizes 
Here, an n-dimensional Reduced Add and Shift Graph (RASG-n) algorithm is proposed. The new algorithm is a hybrid 
of the RAG-n  and RSAG-n  algorithms. RASG-n work with odd coefficients, like RAG-n and only realizes one 
coefficient in each iteration, like RSAG-n. When it is possible to realize more than one coefficient RASG-n selects the 
one that require the lowest number of additional shifts. This makes it possible for RASG-n to minimize both the 
number of adders and shifts in an effective way. These algorithms are graph based. Node values are referred to as 
fundamentals. Realized coefficients are removed from the coefficient set and added to an interconnection table that 
specifies how the value is obtained. 
The termination condition of the algorithm is that the coefficient set is empty. The steps in the RSAG-n algorithm are; 
1. Divide even coefficients by two until odd, and save the number of times each coefficient is divided. These shifts at 
the outputs can be considered to be free when other coefficients are synthesised. 
2. Remove zeros, ones, i.e., coefficients which corresponds 
to a power-of-two, and repeated coefficients from the coefficient set. 
3. Compute the single-coefficient adder cost for each coefficient, which is done by using a look-uptable. 
4. Compute a sum matrix based on power-of-two multiples of the fundamental values included in the interconnection 
table. At start this matrix is and is then extended when new fundamentals are added. If any required coefficients are 
found in the matrix, compute the required number of shifts. Find the coefficients which require the lowest number of 
additional shifts, and select the smallest of those. Add this coefficient to the interconnection table and remove it from 
the coefficient set. 
5. Repeat step 4 until no required coefficient is found 
in the sum matrix. 
6. For each remaining coefficient, check if it can be obtained by the strategies. For both cases two new adders are 
required. If any coefficients are found, select the smallest coefficient 
of those which require the lowest number of additional shifts. Add this coefficient and the extra fundamental to the 
interconnection table. Remove the coefficient from the coefficient set. 
7. Repeat step 5 and 6 until no required coefficient is found. 
8. Choose the smallest coefficient with lowest singlecoefficient adder cost. Different sets of fundamentals that can be 
used to realize the coefficient are obtained from a look-up-table. For each set, remove fundamentals that are already 
included in the interconnection table and compute the required number of shifts. Find the sets which require the lowest 
number of additional shifts, and of those, select the set with smallest sum. Add this set and the coefficient to the 
interconnection table. Remove the coefficient from the coefficient set. 
9. Repeat step 5, 6, 7, and 8 until the coefficient set is empty. 
3. BACKGROUND 
3.1 Number Representation 
The binary representation decomposes a number in a set of additions of powers of 2. The representation of numbers 
using a signed digit system makes use of positive and negative digits, {1, 0,−1}. The CSD representation is a signed 
digit system that has a unique representation for each number and verifies the following main properties: 1) two 
nonzero digits are not adjacent; and 2) the number of nonzero digits is minimum. Any n digit number in CSD has at 
most (n+1)/2 nonzero digits and, on average; the number of nonzero digits is reduced by 33% when compared to 
binary. The MSD representation is obtained by dropping the first property of the CSD representation. Thus, a constant 
may have several representations under MSD, including its CSD representation, but all with a minimum number of 
nonzero digits. Consider the constant 23 defined in six bits. Its binary representation 010111 includes four nonzero 
digits. It is represented as 101001 in CSD, and both 101001 and 011001 denote 23 in MSD using three nonzero digits 
(where 1 stands for −1). 
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3.2 Boolean Satisfiability 
A Boolean function ϕ : {0, 1}n → {0, 1} can be denoted by a propositional formula. The conjunctive normal form 
(CNF) is a representation of a propositional formula consisting of a conjunction of propositional clauses where each 
clause is a disjunction of literals and a literal l j is either a variable x j or its complement x j . Note that, if a literal of a 
clause assumes value 1, then the clause is satisfied. If all literals of a clause assume the value 0, then the clause is 
unsatisfied. The Satisfiability (SAT) problem is to find an assignment on n variables of the Boolean formula in CNF 
that evaluates the formula to 1, or to prove that the formula is equal to the constant 0. A combinational circuit is a 
directed acyclic graph with nodes corresponding to logic gates and directed edges corresponding to wires connecting 
the gates. Incoming edges of a node are called fan ins and outgoing edges are called fan outs. The primary inputs of the 
network are the nodes without Fan ins. The primary outputs are the nodes without fan outs.  

 
Fig 3.1. Combinational circuit and its corresponding CNF formula. 

The CNF formula of a combinational circuit is the conjunction of the CNF formulas of each gate, where the CNF 
formula of each gate denotes the valid input–output assignments to the gate. The derivation of CNF formulas of basic 
logic gates can be found. As a simple example, consider the combinational circuit and its CNF formula given in Fig. 
3.1. In this Boolean formula, the first three clauses represent the CNF b formula of a two-input AND gate, and the last 
three clauses denote the CNF formula of a two-input OR gate. Observe from Fig. 3 that the assignment x1 = x3 = x4 = 
x5 = 0 and x2 = 1 makes the formula ϕ equal to 1, indicating a valid assignment. However, the assignment x1 = x3 = 
x4 = 0 and x2 = x5 = 1 makes the last clause of the formula equal to 0 and, consequently, the formula ϕ, indicating a 
conflict between the values of the inputs and output of the OR gate. 
3.3 0–1 ILP 
The 0–1 ILP problem is the minimization or the maximization of a linear cost function subject to a set of linear 
constraints. In (1), wj in w is an integer value associated with each of n variables x j, 1 ≤ j ≤ n, in the cost function, and 
in (2), A・x ≥ b denotes the set of m linear constraints, where b € Zm and   A € Zm × Zn. A clause l1 + ・・・ + lk, 
where k ≤ n, to be satisfied in a CNF formula can be interpreted as a linear inequality l1+・・・+lk ≥ 1, where x j is 
represented by 1−x j. These linear inequalities are commonly referred to as CNF constraints, where ai j ∈ {−1, 0, 1} 
and bi is equal to 1 minus the total number of complemented variables in its CNF formula. For instance, the set of 
clauses, (x1 + x2), (x2 + x3), and (x1 + x3), has the equivalent linear inequalities given as x1 + x2 ≥ 1, −x2 + x3 ≥ 0, 
and −x1 − x3 ≥ −1, respectively. 
3.4 Digit-Serial Arithmetic 
In digit-serial designs, the input data is divided into d bits and processed serially by applying each d-bit data in parallel. 
The special cases, called bit-serial and bit-parallel, occur when the digit size d is equal to 1 and equal to input data 
word length, respectively.  

 
Fig. 3.2. Digit-serial operations when d is equal to 2. (a) Addition operation. (b) Subtraction operation. (c) Left shift by 

one time. (d) Left shift by two times. 
The digit-serial computation plays a key role when the bit-serial implementations cannot meet the delay requirements 
and the bit-parallel designs require excessive hardware. Thus, an optimal tradeoff between area and delay can be 
explored by changing the digit size d. The digit-serial addition, subtraction, and left shift operations are depicted in 
Fig. 3.2 using a digit size d equal to 2, where the bits with index 0 and 1 denote the least significant bit (LSB) and the 
most significant bit (MSB), respectively. Notice from Fig. 3.2(a) that a digit-serial addition operation, in general, 
requires d full adders (FAs) and one D flip-flop.  
The subtraction operation [Fig. 3.2(b)] is implemented using 2’s complement, requiring the initialization of the D flip-
flop with 1 and additional d inverter gates with respect to the digit serial addition operation. In a left shift operation 
[Fig. 3.2(c) and (d)], the number of required D flip-flops is equal to the shift amount and is realized in d layers (one for 
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each bit). The input–output correspondence and the number of flip-flops cascaded serially for each input at each layer 
of the digit-serial left shift operation are given in (3) and (4), respectively, where i ranges from 0 to d−1 and ls denotes 
the amount of left shift.  

 
Fig. 3.3 Digit-serial design of shift-adds implementation of 29x and 43x. 

Digit-serial realization of constant multiplications under the shift-adds architecture, Fig.3.3 presents the digit-serial 
implementation of 29x and 43x. when d is 2. For the sake of clarity, the initializations of D flip-flops are omitted in this 
figure. As can be easily observed, the network includes two digit-serial additions, one digit-serial subtraction, and five 
D flip-flops for all the left shift operations. In this network, at each clock cycle, two bits of the input data x (x1 x0) are 
applied to the network input, and at the outputs of each digit-serial addition/subtraction operation two bits of a constant 
multiplication are computed. In general, d bits are processed at each clock cycle. The digit-serial design of the MCM 
operation occupies significantly less area when compared to its bit-parallel design since the area of the digit-serial 
design is not dependent on the bit width of the input data. 
4. EXISTING SYSTEM 
The direct and transposed-form FIR filter implementations are illustrated in Fig.4.1(a) and (b), respectively. Although 
both architectures have similar complexity in hardware, the transposed form is generally preferred because of its higher 
performance and power efficiency. The multiplier block of the digital FIR filter in its transposed form [Fig.4.1(b)], 
where the multiplication of filter coefficients with the filter input is realized, has significant impact on the complexity 
and performance of the design because a large number of constant multiplications are required. This is generally known 
as the multiple constant multiplications (MCM) operation and is also a central operation and performance bottleneck in 
many other DSP systems such as fast Fourier transforms, discrete cosine transforms (DCTs), and error-correcting 
codes. 

 
Fig.4.1 FIR filters implementations. (a) Direct form. (b) Transposed form with generic multipliers. (c) Transposed form 

with an MCM    block. 
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Fig.4.2 Shift-adds implementations of 29x and 43x. (a) Without partial product sharing and with partial product 

sharing. (b) Exact CSE algorithm. (c) Exact GB algorithm 
 
However, the digit-based recoding technique does not exploit the sharing of common partial products, which allows 
great reductions in the number of operations and, consequently, in area and power dissipation of the MCM design at 
the gate level. Hence, the fundamental optimization problem, called the MCM problem, is defined as finding the 
minimum number of addition and subtraction operations that implement the constant multiplications. Note that, in bit-
parallel design of constant multiplications, shifts can be realized using only wires in hardware without representing any 
area cost. The algorithms designed for the MCM problem can be categorized in two classes: common sub expression 
elimination (CSE) algorithms and graph-based (GB) techniques.  
The CSE algorithms initially extract all possible sub expressions from the representations of the constants when they 
are defined under binary, canonical signed digit (CSD), or minimal signed digit (MSD). Then, they find the “best” sub 
expression, generally the most common, to be shared among the constant multiplications. The GB methods are not 
limited to any particular number representation and consider a larger number of alternative implementations of a 
constant, yielding better solutions than the CSE algorithms. Returning to our example in Fig.4.2, the exact CSE 
algorithm of gives a solution with four operations by finding the most common partial products 3x = (11) binx and 5x = 
(101) binx when constants are defined under binary, as illustrated in Fig. 2(b). On the other hand, the exact GB 
algorithm finds a solution with the minimum number of operations by sharing the common partial product 7x in both 
multiplications, as shown in Fig.4.2(c). Note that the partial product 7x = (111) binx cannot be extracted from the 
binary representation of 43x in the exact CSE algorithm.  
However, all these algorithms assume that the input data x is processed in parallel. On the other hand, in digit-serial 
arithmetic, the data words are divided into digit sets, consisting of d bits that are processed one at a time. Since digit 
serial operators occupy less area and are independent of the data word length, digit-serial architectures offer alternative 
low complexity designs when compared to bit-parallel architectures. However, the shifts require the use of D flip-flops, 
as opposed to the bit-parallel MCM design where they are free in terms of hardware. Hence, the high-level algorithms 
should take into account the sharing of shift operations as well as the sharing of addition/subtraction operations in 
digit-serial MCM design. Furthermore, finding the minimum number of operations realizing an MCM operation does 
not always yield an MCM design with optimal area at the gate level. Hence, the high-level algorithms should consider 
the implementation cost of each digit-serial operation at the gate level. 
5. EXACT CSE ALGORITHM 
The exact CSE algorithm consists of four main steps. First, all possible implementations of constants are extracted from 
the nonzero digits of the constants defined under a number representation: binary, CSD, or MSD. Then, the 
implementations of constants are represented in terms of a Boolean network. Third, the gate-level area optimization 
problem is formalized as a 0–1 ILP problem with a cost function to be minimized and a set of constraints to be satisfied. 
Finally, a set of operations that yields the minimum area solution is obtained using a generic 0–1 ILP solver. These four 
steps are described in detail next. 
5.1 Finding the Partial Terms: 
In the preprocessing phase, the constants to be multiplied by a variable are converted to positive, and then made odd by 
successive divisions by 2. The resulting constants are stored without repetition in the target set T. Thus, T includes the 
minimum number of necessary constants to be implemented. The part of the algorithm where the implementations of 
the target constants and partial terms are found is as follows. 
 Take an element from T, ti, find its representation(s) under the given number representation, and store it(them) in 

a set called S.FormanemptysetO, associated with t, that will include the inputs and the amount of left shifts at the 
inputs of all addition/subtraction operations which generate ti. 

 For each representation of ti in the set S.  
 Compute all nonsymmetric partial term pairs that i. 
 In each pair, make each partial term positive and cover the representation of ti odd, and determine its amount of 

left shift. 
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 Add each pair to the set O with the amount of left shifts of partial terms.i 
 Add each partial term to T, if it does not represent the input that the constants are multiplied with, i.e., denoted by 

1, and is not in T.  
 Repeat Step 1 until all elements of T are considered. Observe that the target set T only includes the target constants 

to be implemented in the beginning of the iterative loop, and in later iterations it is augmented with the partial 
terms that are required for the implementation of target constants.  

 
All possible implementations of an element in the target set t are found by decomposing the nonzero digits in the 
representation of, ti, into two partial terms. As an example, consider 25 as a target constant defined under MSD, which 
has two representations 011001 and 10 1001. 
5.2 Construction of the Boolean Network 
After all possible implementations of target constants and partial terms are found, they are represented in a network 
that includes only AND and OR gates. Its properties are given as follows. 
 The primary input of the network is the input variable to be multiplied with the constants. 
 An AND gate in the network represents an addition/subtraction operation and has two inputs. 
 An OR gate in the network represents a target constant or a partial term and combines all its possible 

implementations.  
 The outputs of the network are the OR gate outputs associated with the target constants.  

 
Fig.5.1. Network constructed for the target constant 25 under MSD. 

The Boolean network is constructed as follows. 
 Take an element from T, t. 
 For each pair in Oii, generate a two-input AND gate. The inputs of the AND gate are the elements of the pair, i.e., 

1, denoting the input that the constants are multiplied with, or the outputs of OR gates representing target 
constants or partial terms in the network.  

 Generate an OR gate associated with t , where its inputs are the outputs of the AND gates determined in Step 2. 
 If tii is a target constant, make the output of the corresponding OR gate an output of the network. 
 Repeat Step 1 until all elements in T are considered. 

 
The network generated for the target constant 25 defined under MSD is given in Fig.4.2 , where one-input OR gates for 
the partial terms 7, 9, 17, and 33 are omitted and the type of each operation is shown inside of each AND gate. 
5.3 Formalization of the 0–1 ILP Problem 
To include optimization variables into the network, so that we can easily formalize the gate-level area optimization 
problem as a 0–1 ILP problem. The optimization variables are associated with two parameters that have different 
implementation costs at the gate level, i.e., addition/subtraction operations and left shifts of constants (partial terms and 
target constants). For each AND gate that represents an addition/subtraction operation in the network, we introduce an 
optimization variable associated with the operation, i.e., opt, where a and b denote the inputs of an operation, and we 
add this variable to the input of the AND gate. The cost value of a±b this type of optimization variable in the cost 
function to be minimized is determined as the gate-level implementation cost of the digit-serial operation computed 
considering its type (addition or subtraction) and the digit size (d). In order to maximize the sharing of left shifts, i.e., 
the D flip-flops at the gate level, for each constant c in the Fig. 5.1.  
Network constructed for the target constant 25 under MSD. Network, we initially find the maximum amount of left 
shift mls that the constant c has. Then, for each constant c with mls cc greater than zero, we introduce mls optimiza 
tion variables representing left shifts of c from 1 to mls c ,i.e., opt c_1 , opt c_2 ,...,opt . In the cost function to be 
minimized, the cost value of this type of optimization variable is determined as the gate-level cost of one D flip-flop, as 
described in Section II-D. The inclusion of these optimization variables into the network can be done in two ways.  
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 Model 1: For each AND gate in the network representing an addition/subtraction operation, if an input signal ins is 
shifted by ls > 0 times, then we include ls additional inputs standing for the optimization variables associated with the 
ls left shift of the input signal ins, i.e., opt ins<<1 , opt ins<< 2 ,...,opt << ls .  
 

 
Fig. 5.2 (a) 

 
Fig.5.2(b) 

Networks constructed for the target constant 25 under MSDafter the optimization variables are added (a) Under Model 
1. (b) Under Model 2. 

 
Model 2: Initially, for each constant c with mls greater than zero, we generate a chain of mls - 1 AND gates with 
two inputs, where the inputs of the first AND gate of the chain are opt c_1 and opt c_2 c , and the inputs of the i th 
AND gate are opt c_i +1 and the output of the (i - 1)th (previous) AND gate in the chain, where 2 = i = mls c  c ins_ls - 
1. Then, for each AND gate representing an addition/subtraction operation, if an input signal ins is shifted by ls > 0 
times, we add a single input to the AND gate. The input variable x denoted by 1 can be eliminated from the inputs of 
the AND gates, because its logic value is always 1 (i.e., it is always available). Figs. 5.2 (a) and (b) illustrate the 
networks generated for the target constant 25 under MSD after the simplifications are done and the optimization 
variables are added under Models 1 and 2, respectively. After the optimization variables are added into the network, the 
0–1 ILP problem is generated. The cost function of the 0–1 ILP problem is constructed as the linear function of 
optimization variables, where the cost value of each optimization variable is determined as described previously. The 
constraints of the 0–1 ILP problem are obtained by finding the CNF formulas of each gate in the network and 
expressing each clause of the CNF formulas as a linear inequality. The outputs of the network, i.e., the outputs of OR 
gates associated with the target constants, are set to 1, since the implementation of target constants is aimed. Note that, 
if the cost values of the optimization variables in the cost function to be minimized are set to 1, the 0–1 ILP 
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formalization of the MCM-DS problem will be obtained. Observe from Fig. 4(a) and (b) that Model 1 generates a 0–1 
ILP problem including slightly less number of variables than Model 2 due to the chain of AND gates used in Model 2. 
However, the 0–1 ILP problem constructed under Model 2 has significantly less number of constraints than that of 
Model 1 since the number of inputs of an AND gate representing an addition/subtraction operation is increased only by 
1 during the inclusion of the optimization variables denoting the left shift of a constant in Model 2. Note that the 
number of optimization variables under both models is the same.  
6. APPROXIMATE GB TECHNIQUE 
Note that the solution of an exact CSE algorithm described is not the global minimum since all possible 
implementations of a constant are found from its representation. Also, the optimization of gate-level area problem in 
digit-serial MCM design is an NP-complete problem due to the NP-completeness of the MCM problem. Thus, 
naturally, there will be always 0–1 ILP problems generated by the exact CSE algorithm that current 0–1 ILP solvers 
find difficult to handle.  Hence, the GB heuristic algorithms, which obtain a good solution using less computational 
resources, are indispensable. In our approximate algorithm called MINAS-DS, as done in algorithms designed for the 
MCM problem given in Definition 1, we find the fewest number of intermediate constants such that all the target and 
intermediate constants are synthesized using a single operation. However, while selecting an intermediate constant for 
the  implementation of the not yet synthesized target constants in each iteration, we favor the one among the possible 
intermediate constants that can be synthesized using the least hardware and will enable us to implement the not-yet 
synthesized target constants in a smaller area with the available constants. After the set of target and intermediate 
constants that realizes the MCM operation is found, each constant is synthesized using an A-operation that yields the 
minimum area in the digit-serial MCM design. In MINAS-DS, the area of the digit-serial MCM operation is 
determined as the total gate-level implementation cost of each digit-serial addition, subtraction, and shift operation 
under the digit size parameter d. 
7. PARALLEL PROCESSING 
Parallel Processing in digital signal processing (DSP) is a technique duplicating function units to operate different tasks 
(signals) simultaneously. The  advantage for the parallel processing techniques is that it can reduce the power 
consumption of a system by reducing the supply voltage. Accordingly, we can perform the same processing for 
different signals on the corresponding duplicated function units. Further, due to the features of parallel processing, the 
parallel DSP design often contains multiple outputs, resulting in higher throughput. 
Consider the following power consumption in a normal circuit. 

 

where the Ctotal represents the total capacitance of the circuit. 

For a parallel version, the charging capacitance remains the same but the total capacitance increases by N times. 
In order to maintain the same sample rate, the clock period of the N-parallel circuit increases to N times the 
propagation delay of the original circuit. It  makes the charging time prolongs N times. The supply voltage can be 
reduced to βV0. 

Therefore, the power consumption of the N-parallel system can be formulated as 

 

Where β is the power consumption factor 

Also as reported in literature, power dissipation can be reduced considerably (63%) using the above used algorithm, as 
compared to others. However, the penalty is again in the form of additional overhead of adders and shifters. There exist 
a trade off between hamming distance reduction and degradation of performance parameters. 
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8. EXPERIMENTAL RESULTS 

THE EXPERIMENTAL RESULTS INDICATE THAT THE COMPLEXITY OF DIGIT-SERIAL MCM DESIGNS CAN BE FURTHER 
REDUCED USING THE HIGH-LEVEL OPTIMIZATION ALGORITHMS PROPOSED IN THIS PAPER. 

 
Fig.8.1 Simulated result of shift adds implementation 

IT WAS SHOWN THAT THE REALIZATION OF DIGIT-SERIAL FIR FILTERS UNDER THE SHIFT-ADDS ARCHITECTURE YIELDS 
SIGNIFICANT AREA REDUCTION WHEN COMPARED TO THE FILTER DESIGNS WHOSE MULTIPLIER BLOCKS ARE 
IMPLEMENTED USING DIGIT-SERIAL CONSTANT MULTIPLIERS. IT IS OBSERVED THAT A DESIGNER CAN FIND THE 
CIRCUIT THAT FITS BEST IN AN APPLICATION BY CHANGING THE DIGIT SIZE. 
The shift adds operation for the targets(29x and 43x)is performed. This implementation produces the constants of 29x 
and 43x and their multiples (i.e) if the given input is 3(00000011), the output of shift adds operation will be 
87(01010111) and 129(10000001). The same constants are implemented using exact CSE algorithm(fig 8.2).  
 

 
Fig.8.2 Simulated result of exact CSE algorithm and GB algorithm 

In approximate graph base algorithm (GB technique). In which, the optimization of gate-level area problem in digit-
serial MCM design is an NP-complete problem due to the NP-completeness of the MCM problem. Thus, naturally, 
there will be always 0–1 ILP problems generated by the exact CSE algorithm that current 0–1 ILP solvers find difficult 
to handle. Hence, the GB heuristic algorithms, which obtain a good solution using less computational resources, are 
indispensable.In GB algorithm,the operation is same as the CSE algorithm but GB uses less resources than the others. 
Hence, the area and cost size are reduced using this algorithm. 
9.CONCLUSION 
In this paper, a low cost  multiple constant multiplication is implemented for the target constants(29X and 43X). Two 
effective algorithms are used for this implementation.Since, the solution of an exact CSE algorithm described is not the 
global minimum since all possible implementations of a constant are found from its representation. Also, the 
optimization of gate-level area problem in digit-serial MCM design is an NP-complete problem due to the NP-
completeness of the MCM problem. Thus, naturally, there will be always 0–1 ILP problems generated by the exact CSE 
algorithm that current 0–1 ILP solvers find difficult to handle.  Hence, the GB heuristic algorithms, which obtain a 
good solution using less computational resources, are indispensable. In our approximate algorithm called MINAS-DS is 
used . hence, the area cost has been  reduced by 48% by using these high level synthesis algorithms. 
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