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ABSTRACT 
These instructions provide you guidelines for preparing papers for International Journal of Application or Innovation in 
Cantilevered sheet pile walls are commonly used in shoring systems of deep excavation down to about 5.00 m. The most 
common design procedure for this type of flexible retaining structures is to determine the required penetration depth for 
stability and then increasing the calculated penetration depth by 20% to 40% to achieve a factor of safety of about 1.5 to 2.0. 
This procedure has two disadvantages; first, the procedure does not give accurate values for penetration depth or corresponding 
factor of safety, second, it ignores the effect of uncertainty in the used geotechnical parameters.  The first aim of this study is to 
overcome those two disadvantages by introduce an alternative formula to determine the optimum penetration depth of 
cantilever sheet pile walls in dry granular soil based on reliability analysis concept, while, the second aim is to study the impact 
of using the optimum depth on the cost of the shoring system. The study results assure the validity of provision of increasing 
the calculated penetration depth by (20% to 40%) and introduced a formula to calculate the required penetration depth to 
achieve probability of failure of 0.1% and proved that using this optimum depth can reduce the direct cost of the shoring system 
by 5% to 10% based on internal friction angle of soil. 
Keywords: Reliability, probability of failure, Sheet pile, penetration depth, cost impact 

1. INTRODUCTION 
1.1. Traditional procedure to design cantilevered sheet pile walls 
Cantilevered sheet pile wall is one of the most famous flexible retaining structures that usually used secures deep 
excavation down to about 5.0m, it could be constructed using steel profiles or tangent piles (driven pre-cast or board 
piles). Regardless used material or constructions method, the stability of the cantilevered sheet pile wall depends on its 
penetration depth. Traditional procedure defines the required penetration depth for stability as the depth that satisfies 
the static equilibrium at limit state condition as shown in fig.(1). In order to achieve safety factor of 1.5 to 2.0, 
traditional procedure recommends increasing the calculated required depth by (20% to 40%)[1].  
Since the soil unit weight (γ) is the same on both sides of the wall, hence, the required penetration depth (D) depends 
on internal friction angle of soil (φ) and depth of excavation (H). The relation between those variables is summarized 
graphically in the chart shown in fig.(2).[1]. Since this study is concerned in dry granular soil, hence, depth of ground 
water table factor (α) is always considered zero.  
Although this traditional procedure is commonly used in design, but it has two disadvantages, first, it does not give 
accurate values for penetration depth or corresponding factor of safety; second, it ignores the effect of uncertainty in the 
used geotechnical parameters.      
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Fig.(1): Forces distribution along cantilevered sheet pile wall in granular soil at limit state condition. [1] 

 

 
Fig.(2): Design chart of cantilevered sheet pile wall in granular soil. [1] 

1.2. Statistical background 
The uncertainty of a random variable X could be statistically described by four quantities, mean value (μx), variance 
Var[X], standard deviation (σx) and coefficient of variation (Vx) as follows:   

, , ,  
Probability distribution function of continues random variable is a mathematical formula describes the relation between 
the value of the variable and its chance to occur. Normal and lognormal probability distribution functions are the most 
used for physical parameters. However, lognormal distribution is preferred for geotechnical parameters for the 
following reasons: 
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 If parameter X is log normally distributed, its natural logarithm Ln(X) is normally distributed. 
 As X is positive for any value of ln X, log normally distributed random variables cannot assume values below zero.   
 It often provides a reasonable shape in cases where the coefficient of variation is large (>30%) or the random 

variable may assume values over one or more orders of magnitude. 
 The central limit theorem implies that the distribution of products or ratios of random variables approaches the 

lognormal distribution as the number of random variables increases. 
Mean value and standard deviation of continues random variable based of its probability distribution function using 
statistical integration methods such as direct integration, Taylor’s series method, point estimate method, and Monte 
Carlo simulation.  
Point estimate methods are procedures where probability distributions for continuous random variables are modeled by 
discrete “equivalent” distributions having two or more values. The elements of these discrete distributions (or point 
estimates) have specific values with defined probabilities such that the first few moments of the discrete distribution 
match that of the continuous random variable. Having only a few values over which to integrate, the moments of the 
performance function are easily obtained. A simple and straightforward point estimate method has been proposed by 
Rosenblueth (1975, 1981) and is summarized by Harr (1987)[2].  
As shown in Fig.(3), a continuous random variable X is represented by two point estimates, X+ and X- , with 
probability concentrations P+ and P- , respectively. As the two point estimates and their probability concentrations form 
an equivalent probability distribution for the random variable, the two P values must sum to unity. The two point 
estimates and probability concentrations are chosen to match three moments of the random variable. When these 
conditions are satisfied for symmetrically distributed random variables, the point estimates are taken at the mean plus 
or minus one standard deviation: 

X+ = μx + σx 
X-  = μx - σx 

The associated probability concentrations are each one-half (P+ = P- = 0.5).  

 
Fig.(3): Point estimate method. [2] 

Knowing the point estimates and their probability concentrations for each variable, the expected value of a function of 
the random variables rose to any power M can be approximated by evaluating the function for each possible 
combination of the point estimates, multiplying each result by the product of the associated probability concentrations 
and summing the terms.  

 
 

For N random variables, there are 2N combinations of the point estimates and 2N terms in the summation. To obtain the 
expected value of the performance function, the function g(X1, X2) is calculated 2 times using all the combinations and 
the exponent M is 1. To obtain the standard deviation of the performance function, the exponent M is taken as 2 and 
the squares of the obtained results are weighted and summed to obtain E[Y2]. The variance can then be obtained from 
the identity Var[Y] = E[Y2]-(E[Y])2  and the standard deviation is the square root of the variance. 
1.3. Reliability analysis principals 
Engineering reliability analysis is concerned with finding the reliability R or the probability of failure Pr(f) of a feature, 
structure, or system. As a system is considered reliable unless it fails, the reliability and probability of failure sum to 
unity: 

R = 1- Pr(f) 
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Reliability could be calculated using the capacity-demand model and quantified by the reliability index (β). In the 
capacity-demand model, uncertainty in the performance of the structure or system is taken to be a function of the 
uncertainty in the values of various parameters used in calculating some measure of performance such as the factor of 
safety. 
The reliability index is defined in terms of the expected value and standard deviation of the performance function, and 
permits comparison of reliability among different structures or modes of performance without having to calculate 
absolute probability values. Calculating the reliability index requires: 

• A performance function (e.g., performance measurement). 
• A deterministic model (e.g., procedure to calculate performance measurements). 
• The expected values and standard deviations of the used variables in the deterministic model  
• A definition of the limit state (e.g., definition of failure condition). 
• A method to estimate the expected value and standard deviation of the limit state given the expected values and 

standard deviations of the used variables (e.g., integration of performance function). 
1.3.1. Reliability analysis for capacity-demand model 
In the capacity-demand model, the probability of failure is defined as the probability that the demand on a system (D) 
exceeds the capacity of the system(C). The capacity and demand can be combined into a single function and the event 
that the capacity equals the demand taken as the limit state. The reliability R is the probability that the limit state will 
not be achieved or crossed. 
If capacity (C) and demand (D) are log normally distributed random variables. In this case Ln(C) and Ln(D) are 
normally distributed. Defining the factor of safety (FS) as the ratio C/D, then Ln(FS) = Ln(C) – Ln(D) and Ln(FS) is 
normally distributed. Defining the reliability index β as the distance by which Ln(FS) exceeds zero in terms of the 
standard deviation of Ln(FS), it is: 

 

≈ 

 
For many geotechnical problems and related deterministic computer programs, the output is in the form of the factor of 
safety, and the capacity and demand are not explicitly separated. The reliability index must be calculated from values of 
E[FS] and σFS obtained from multiple runs as described in the next section. In this case, the reliability index is 
obtained as following: 

 
1.3.2. Determining the Probability of Failure 
Once the expected value and standard deviation of the performance function have been determined, the reliability index 
can be calculated as previously described. 
If the reliability index is assumed to be the number of standard deviations by which the expected value of a normally 
distributed performance function exceeds zero, than the probability of failure can be calculated as: 

 
Where Ψ(-β) is the cumulative distribution function of the standard normal distribution  valuated at - β, which is widely 
tabulated and available as a built-in function in Microsoft EXCEL spreadsheet program. 
1.3.3. Target Reliability Indices 
Reliability indices are a relative measure of the current condition and provide a qualitative estimate of the expected 
performance. Systems with relatively high reliability indices will be expected to perform their function well. Systems 
with low reliability indices will be expected to perform poorly and present major rehabilitation problems. If the 
reliability indices are very low, the system may be classified as a hazard. The target reliability values shown in Table 
(1) should be used in general. 
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Table (1): Target Reliability Indices [2] 

 
1.3.4. Variation in soil parameters 
The capacity-demand model, used herein to calculate probabilities of failure, requires that the engineer assign values 
for the probabilistic moments of the random variables considered in analysis. Any parameter used in a geotechnical 
analysis can be modeled as a random variable, and any variables that are expected to contribute uncertainty regarding 
the expected performance of the structure or system should be so modeled. Typically these include soil mechanical and 
physical properties. In order to apply any of the integration methods, random variables should be quantified by their 
expected values, standard deviations, and variation coefficients, commonly referred to as probabilistic moments. 
Depending on the quantity and quality of available information, values for probabilistic moments may be estimated in 
one of several ways: 
• From statistical analysis of test data measuring the desired parameter. 
• From index test data which may be correlated to the desired parameter. 
• Simply based on judgment and experience where test data are not available. 
Table (2) provides a summary of values for the coefficients of variation of commonly encountered in US Army Corps of 
Engineering specifications [3]. 

Table (2): Summary for the commonly used values for the coefficients of variation of soil parameters [3] 
Soil  

Parameter 
Coefficient of 
variation % 

Reference 

Unit weight (γ) 
3 Hammitt (1966), cited by Harr (1987) 

4-8 Assumed by Shannon and Wilson, Inc., and 
Wolff(l994) 

Angle of internal 
friction of sand (φ) 

3.7-9.3 Direct shear tests, Mississippi River Lock and Dam 
No.2, Shannon and Wilson, lnc. and Wolff(I994) 

12 Schultze (1972), cited by Harr (1987) 

Drained strength of 
clay (C’) 

7.5-10.1 
(S) tests on compacted clay at Cannon Dam, 
Wolff(1985) 

Un-drained strength 
of clay (Cu) 

40 Fredlund and Dahlman (1972) cited by Harr(1987) 

30-40 Assumed by Shannon and Wilson, 
Inc. and Wolff(I994) 

11-45 (Q) tests on compacted clay at Cannon Dam, Wolff 
(1985) 

2.STABILITY ANALYSIS OF CANTILEVERED SHEET PILE WALL IN DRY SAND 
In order to study the stability of cantilevered sheet pile wall in dry sand, the two phases deterministic model shown in 
Fig.(4) is used. The target of the first phase is to determine the required penetration depth for stability (Do) and the 
depth of center of rotation below excavation bed (Y). Those two parameters could be calculated by applying static 
stability conditions at point (M) as follows: 
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(F1 + F3) = (F2 + F4),       (F1.x’1 + F3.x’3) = (F2.x’2 + F4.x’4) 

 
By solving the two previous equations, the values of (Do) & (Y) could be determined. This phase is the limit state case 
where the factor of safety against overturning equals to unity. 
Second phase started with increasing the penetration depth, the depth of rotation center (Y) will still constant while 
(Do) will be increased to some value (D). Factor of safety against overturning (FS) is the ratio between the resisting 
moments (MR) and driving moments (MD) about center of rotation (O). 

 
FS = MR / MD,        FS = (F2.x2 + F3.x3) / (F1.x1 + F4.x4) 

 
Studying the stability of cantilevered sheet pile wall in dry sand using the previous model shows the following: 
 The calculated values of (Do) matches those from the traditional chart in fig.(2) 
 Factor of safety increases by increasing penetration depth (D). 
 Factor of safety is a function of (D/H) and not affected by the unit weight of soil (γ). 

Results of study are summarized in tables (4),(5). 

3.RELIABILITY ANALYSIS FOR CANTILEVERED SHEET PILE WALL IN DRY SAND 
In order to apply reliability concept on the cantilevered sheet pile wall, the reliability analysis items are defined 
as follows: 
 Deterministic model as previously described and shown in fig.(4).  
 Performance measuring function is the factor of safety against overturning about point (O) as defined in the 

deterministic model   
 The limit state (failure condition) is defined as factor of safety less than unity.  
 Mean values and coefficients of variations of used parameters are shown in table (3). 
 Finally, the mean value and standard deviation of safety factor are calculated using point estimate method. 
 Since most shoring systems are temporary structures, the chosen value for target probability of failure Pr(f) is 

(0.001). 
 Parametric study is carried out to determine the optimum penetration depth that satisfied the target probability of 

failure as a function of used parameters.  
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Fig.(4): Deterministic model of cantilevered sheet pile wall in dry granular soil.  
 

Table (3): Summary for the used mean values and coefficients of variation of used parameters  

Parameter 
Coefficient of 
variation % 

Mean values 

Angle of internal 
friction of sand (φ) 

10 

10o 
20o 
30o 
40o 

50o 

Excavation depth (H) 5 
3.0 m 
4.0 m 
5.0 m 

The analysis is carried out using the following procedure: 
1- Calculate (Do, Y) for a certain values of (H,φ,γ)  
2- Calculate the mean factor of safety (FS) using  (H,φ,γ,Do,Y) 
3- Calculate the mean natural log of factor of safety LN(FS) 
4- Similarly, Calculate  LN(FS1) using (H+σH, φ+σφ ,γ,Do,Y)   

LN(FS2) using (H-σH, φ-σφ ,γ,Do,Y) 
LN(FS3) using (H+σH, φ-σφ ,γ,Do,Y) 
LN(FS4) using (H-σH, φ+σφ ,γ,Do,Y) 

5- Calculate the variance of natural log of factor of safety VAR(LN(FS)) as follows  
VAR(LN(FS)) = 0.25[LN(FS1)2+ Ln(FS2)2+ LN(FS3)2+ LN(FS4)2] – 

[0.25LN(FS1)+LN(FS2)+LN(FS3)+LN(FS4))] 2 
6- Calculate the standard deviation of the natural log of factor of safety  

σ(LN(FS)) = VAR(LN(FS))0.5 
7- Calculate the reliability index β = LN(FS) / σ(LN(FS)) 
8- Calculate the probability of failure Pr(f) = NORMSDIST(-β) 
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9- Repeat steps from 2 to 8 using D = 1.1 Do 
10- Repeat steps from 2 to 8 using D = 1.2 Do 
11- Repeat steps from 2 to 8 using D = 1.3 Do 
12- Repeat steps from 2 to 8 using D = 1.3 Do 
13- Find the value of (D) corresponding to Pr(f) = 0.001 
14- Repeat steps from 1 to 12 using deferent values of (H,φ,γ) 

Results of study are summarized in tables (4),(5). 

4.ANALYSIS OF PARAMETRIC STUDY RESULTS 
4.1Technical Analysis 
The parametric study is based on testing 15 cases with deferent parameter values to determine the required penetration 
depth for stability (Do) which corresponding to safety factor of 1.0, and then the actual penetration depth (D) is 
increased gradually from (1.10 Do) to (1.40 Do) and for each increasing step, both factor of safety and probability of 
failure are calculated. Used values and analysis results of all 15 tests are summarized in table (4).       
The relation between the required penetration depth to achieve probability of failure of 0.001 and the angel of internal 
friction is also investigated and summarized in table (5). 
Analyzing both tables (4) & (5) shows the following: 
 At limit state (FS=1.0) & (D=Do), Pr(f) = 0.5 regardless parameter values 
 (Do/H) is depends only on (φ), which matches traditional chart in fig.(2). 
 Increasing the penetration depth (D) increases the factor of safety (FS) and decreases the probability of failure 

Pr(f). 
 For the same excavation depth, the required penetration depth to achieve certain probability of failure is smaller in 

dense soil than loose soil.    
 Small penetration depth is more sensitive to parameters uncertainty than the deep penetration depth. Hence, sheet 

pile in dense granular soil requires higher factor of safety than that in loose soil to achieve same probability of 
failure. 

 The ratio between the penetration depth required to achieve target reliability and that required for stability (D/Do) 
increases with increasing the angle of internal friction.      

 Fig.(5) shows that the required penetration depth to achieve target reliability could be calculated as follows:  
D = 2000 H/(φ+10)2 
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Fig.(5): Penetration depth corresponding to Pr(f)=0.1% 

4.2Cost impact analysis  
Direct cost of shoring system is the summation of material cost and installation cost; both costs are in proportion with 
total sheet pile wall length (L) (which is the summation of excavation depth (H) and penetration depth (D)). Hence, 
reduction in total wall length is directly proportional with direct cost saving.  
Fig.(6) summarizes the relations between normalized total wall length (L/H) and normalized minimum, maximum and 
optimum penetration depths (1.2, 1.4, D/Do) respectively for different values of friction angle of soil (φ). The figure 
shows that the optimum penetration depth in very loose granular soil (φ=10o) is 1.2 times the theoretical depth (Do), 
while it is 1.36 times the theoretical depth for very dense soil (φ=50o) and the relation is highly nonlinear. Table (6) 
shows the potential saving percent in total wall length (L) if the optimum penetration depth (D) is used instead of the 
maximum penetration depth (1.4 Do) for different values of friction angle of soil (φ). The table indicates that the 
saving is ranged between 1% and 14%. The common practical values of (φ) is ranged between 20o to 35o, hence the 
expected direct cost saving is about 5% to 10%. Accordingly, saving in Indirect cost such as labor effort and time 
consumed is expected.    
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Fig(6): Relation between normalized total wall length and normalized min., max. and optimum penetration depths for 

different soil friction  angle(φ) 
 

Table (6): Saving in penetration depth for different values of φ 
f  1.2Do/H 1.4Do/H D/H D/Do Saving %

10.0 5.86 6.67 5.87 1.20 14%
20.0 3.10 3.45 3.13 1.22 10%
30.0 2.18 2.38 2.22 1.24 7%
40.0 1.72 1.84 1.77 1.28 4%
50.0 1.44 1.51 1.50 1.36 1%  
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5.CONCLUSIONS 
The results of this study could be concluded in the following: 

1- The traditional procedure provision of increasing the penetrations depth required for stability by (20% to 40%) to 
achieve acceptable factor of safety is valid, where 20% should be used for very loose soil and 40% for very dense 
soil. 

2- For any granular soil,  the required penetration depth to achieve target reliability of 0.1% could be calculated as 
follows: 

D = 2000 H/( φ+10)2 

3- Using optimum penetration depth instead of maximum penetration depth causes saving in direct cost of 
cantilevered shoring system by 5% to 10% according to the value of angle of internal friction of the soil. 

4- For farther researches, it is recommended to investigate the required penetration depth that satisfy the same target 
reliability in case of cohesive soil and in case of granular  soil with ground water table.     
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