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ABSTRACT 
In this article, we study the controllability of fractional impulsive Integro-differential equations in a Banach space. The 
main results are obtained by using the M nch type fixed point theorem to prove the main result. An application is provided 
to illustrate the theory. Here we have provided phase space for the impulsive and state dependent delay term. 
Keywords: Fractional integro-differential equations; Impulsive conditions; Controllability; State dependent delay; Fixed 
point theorem. 
2020Mathematical Subject Classification: 34A08, 35R12, 34K35, 34K43. 
1. INTRODUCTION 
As an area of application oriented mathematics, the control problem has been studied extensively in the fields of finite 
dimensional nonlinear systems and infinite dimensional systems [1]. Integro-differential equations can be used to describe 
a lot of natural phenomena arising in many fields [9]. Existence, stability and control problems have been studied by many 
mathematicians [2]-[6]. The researchers have shown their interest on natural integro-differential equations [11, 12]. 
In the last few years, the controllability of various systems has been extensively analyzed by many authors [13-18, 24, 25]. 
Controllability problem of linear and nonlinear systems represented by ordinary differential equations in finite dimensional 
space has been extensively studied. Several authors have extended the controllability concept to infinite dimensional 
systems in Banach spaces with unbounded operators see [22, 27]. In paper [23], established sufficient conditions for 
controllability of linear and nonlinear systems in Banach space. The controllability problem is to find a suitable control 
function such that we can drive the state of the dynamical system to the desired final state. Most of the controllability 
results for nonlinear infinite dimensional control system concern the so-called semi linear control systems which consist of 
a linear and nonlinear part. Moreover, it should be emphasized that for infinite dimensional systems several concepts of 
controllability are analyzed. A new class of delay equations state dependent delay attracts much attention of researchers 
[10, 19-21, 26, 28]. Over the past several years it has become apparent that equations with state dependent delay arise also 
in several areas such as in population model, in model of blood cell productions, etc. 
The goal of this paper is to study the controllability of fractional impulsive Integro-differential equations with state 
dependent delay 

 
 
 

 
Where  is an infinitesimal generator of a compact analytic semigroup of a uniformly bounded 
linear operator  the unknown  takes values in a Banach space X and the control function  a 
Banach space of admissible control function with  as a Banach space. Furthermore B is a Bounded linear operator from  
into X.  and  are appropriate 
functions.   is a phase space to be specified later. 
This paper is organized as follows: Some notations, basic definitions, assumptions and preliminary results are given in 
section 2. In section 3, we focus on define the continuous solution, well definedness and controllability results of the 
solution of (1.1). in the final section we provide an example to justify this theory. 
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2. PRELIMINARIES 
Let  be the space of X-valued Bochner integrable functions on  with norm  Consider the 
space PC:=  such that  and  exist with  for 

 endowed with the uniform operator topology. 
The time history  given by  belongs to some abstract phase space  defined by, assume 
that  is a continuous function with . The banach space  induced by 
the function  is defined as follows. 

 
endowed with norm        
                                     
Lemma 2.1[25] 
Assume  then, for . Moreover, 

 
Definition 2.1[8, 9] 
The fractional integral of order  with the lower limit 0 for a function g is written as 

 
Provided the right hand side is point wise defined on , where  is the gamma function. 
Definition 2.2[8,9] 
The Riemann-Liouville derivative of order  with the lower limit 0 for a function  can be defined as 

R-L  
Definitions 2.3[8] 
The Caputo derivative of order  for a function  can be defined by 

C R-L  

Lemma 2.2[7] 
A countable set  is said to be semi compact if the sequence  is relatively compact in  for almost 
all , and if there is a function  satisfying  for a.e, . 
Lemma 2.3[7] 
If  is bounded and piecewise equicontinuous on , then  is piecewise continuous for  
and . 
Lemma 2.4[7] 
Let  be a sequence of function in . Assume that there exist  satisfying 

 and , then for all , we have  

 
 
 
Theorem 2.1 [8] 
Let D be a  closed convex subset of a Banach space X and 0  D. Assume that F:D  X is continuous map which satisfies 
Mönch condition.That is, a countable set M  D, M    imply that M is relatively compact. Then F has a 
fixed point in D. 
Remark [9]; 
(i) If  then 

 
(ii)If is an abstract function with values in , then integrals which are presented in definitions in definitions in 
preliminary sections are taken in Bochners sense. 
For any , define two operators  and  by 
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Where 

 
is the function defined on  which satisfies  and  
Lemma 2.5[8,9]; 
The operators  and  satisfies; 
(i)For any fixed  and any , the following inequalities hold  

. 
(ii)The operators  and  are strongly continuous. 
(iii)  and  are norm- continuous  in  for . 
(iv) )  and  are compact operators  in  for . 
(v)If   is an equicontinuous semigroup the  and  are equicontinuous in  for . 
In the following definition, we introduce the concept of a mild solution for (1.1) 
Definition 2.4 
A function  is called a mild solution of the control system (1.1), if  and for any 

the integral equation 
 

 
 
 
Assumptions 
 To investigate the controllability of system (1.1), we assume the following conditions; 

) A generates an equicontinuos semigroup  of uniformly bounded linear operators in . 
) The function  satisfies the following: 

1. For , the function g is continuous and for all  the function  is 
strongly  measurable for any  and . 

2. For every positive integer , there exists  such that  
  and  
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3. There exist an integrable function  such that  
 

  For  
 The function satisfies the following; 

1. For each  the function  is continuous and for each , the function 
 is strongly measurable. 

2. There exists a function  such that 

 
3. There exists an integrable function  such that 

 
and   , where  and  is the Hausdorff MNC. For convenience, let us take   

 and  
 The function   satisfies the following; 

1. For each  the function  is continuous, and for each , the function 
 is strongly measurable. 

2. There exists a function  such that 

 
3. There exists an integrable function  such that 

 
and   , where  and  is the Hausdorff MNC. For convenience, let  
us take  and  

 1. The linear operator  defined by 

 
 has an induced operators  and takes the values in  and there exist two constants ,   
     such that   

        2. There is  such that, for every bounded set E   
 )   is a continuous operator such that 
        1. There are non-decreasing functions  such that  and 

 

       2. There exist constant  such that   for every bounded subset  of 
.                                                                                                                                                          ) The following 

estimation holds true; 
    

3. Controllability Results 
By the hypothesis (H4) for any  we define a control function  as follows; 

 
We consider the operator  defined by  
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For  we define  by 

 
We show that  is well defined on  
For  

 
We know that  for  and using lemma 2.2 becomes,  as . 
For  

 
as  the right hand side converges to zero. 
By repeating this way we can obtain that  
Let  . Set  
Where 
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where   
Let . For any   

 
thus  is a Banach space. Set  for some  then  is uniformly bounded and 
for . From lemma 2.1, we have  

. 
Define  by  

 
 
Clearly the operator  to have a fixed point is equivalent to  having one. For convenience, let us take 

       

 
Theorem 3.1 
If the assumptions  are satisfied, assume  is measurable with respect to  and continuous with 
respect to , then the system (1.1) is controllable on J provided  

 
Proof: 
Step 1: There exist a positive number  such that . Suppose the contray, then for each positive integer r, 
there exist a function  but  does not belongs to , i.e.,  for some  
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For       
                                

 For each  
 

                                

 
 

 

 
Where  and  

 

 
Therefore by (4), 

 
Where . 
Dividing both sides by and , we obtain 

 

 
Thus  we have,  

 
This contradicts (3). Hence, for some positive number  
Step 2:  is continuous. 
Let  with . Then there is a  number  such that  for all and , so 

 and   
From (H2) we have  

 

 
Then we have,   

 
and  
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Where  

 
By the dominated convergence theorem, we have that  

 
That is  is continuous 
Step 3:  is equicontinuous on  That is  is piecewise equicontinuous on   
Indeed for  and , we deduce that  

 
For  
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By the equicontinuity of  and absolute continuity of the Lebesgue integral, we can see that the right hand side of  
tends to zero and is independent of  Hence  is equicontinuous on J. 
Step 4:  M nch’s condition holds. 
Suppose  is countable and We shall show that  where  is the Hausdorff MNC. 
Without loss of generality, we may assume that  Since  into an equicontinuous family,  is 
equicontinuous on J. Hence  is also equicontinuous on J. 
Consider an interval  by lemma 2.4 and from  we have that  

  

 

 

 
This implies that 
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For  we have 

 
and 

 
Therefore 

 
Since  are equicontinuous on J, according to lemma 2.3 implies that 
 

 

 
 

That is, . Thus for M nch condition, we get that  

 
Since  which implies that  So we have that  is relatively compact in . In the view of Theorem 2.1 we 
conclude that  has a fixed point . Then  is a fixed point in , and thus system  is controllable on the 
interval  This completes the proof.  
 4. APPLICATION  
Consider the following fractional impulsive delay integro-differential equation 

 
 

 
                                                (4.1) 

where  ,  with domain  
 Define the operator  is given by  with domain  where  is 
a usual sobolev space on  
 A generates an analytic semigroup . The spectrum of  consists of the eigenvalues  with corresponding normalized 
eigenvectors  
In addition, the following properties hold, 
a)  is an orthonormal basis of  
b) If  then  

c) S(t)  for every  



International Journal of Application or Innovation in Engineering & Management (IJAIEM) 
Web Site: www.ijaiem.org Email: editor@ijaiem.org 

Volume 10, Issue 11, November  2021              ISSN 2319 - 4847 
 

Volume 10, Issue 11, November 2021                                                                                        Page  11 
 
 
 
 
 
 

 we define the linear operator  by  where is the unique solution to the Dirichlet 
boundary value problem 

 
 

We introduce the following functions, for convenient to choose the function  
  

 
Obviously 

||  
where the constant   is satisfies the conditions (  – ( . Consequently theorem (3.1) can be applied for the system 
(4.1), so the system is controllable on   
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